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Diffusion based Probabilistic Models

PHXt1|Xt>
Op 0 "0z —Cp

Q(Xt\xt 1)

Flgure 2: The directed graphical model considered in this work.

@ Reverse process starts from x7 (noise)

po(x0:1) == p(xT) H po(Xe—1/xt)
t=1
e Generative model pe(Xo) = fXI:T Pe(Xo;t)dxl;T

e Forward process starts from xg (signal)
q(x1:7(x0) : Hq x1:7 [Xo)
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Forward and Reverse Processes

@ Reverse process is the generative model

.
po(xo.7) := p(xT) H (xe—1lxe),  po(Xeralxe) = N(xe—1; po(xe, t), To(xe, )

e Forward process is the diffusion process, note 8; < 1,Vt

X1 T|XO H q X1: T|XO CI(Xt|Xt—1) = N(Xt§ vV 1 — Bexe—1, ﬁtﬂ)
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Variational Inference with Forward Process

@ Recall the generative model: py(xg) = fxl_T po(xo:7)dx1:T

@ Variational inference using the forward process g

— log po(x0) = [| q((OT))} = Eq | — log p(x7) Zlo Po(Xe—1[xt) .l

X1 T‘XO t>1 Xt|xt 1)

@ Inference with the forward process: Easy to sample from at any ¢t

q(x¢[x0) = N (x¢; / Gixo, (1 — @)L
where

t
ay:=1— 0, at::”as

s=1
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Optimizing the Variational Objective

@ Variational objective can be written as

Eq | Dre(q(xrlxo)|p(xr)) + Y Die(a(xe—1lxe, x0) | po(xe—1lx:)) — log po(xolx1)

t>1
Lt Li_q Lo

@ First terms in the KL-divergences are conditional probabilities of
the forward process

q(xt—1|xt7 XO) = N(Xt—l; /’}/t(xt: XO)» Btﬂ)

where
N O— Voar(l — G ~ 1—a;_
fie(xe,%0) i= : aﬁtX0'+ il = ‘ 1)Xt7 Bt == ““‘é‘llﬂ
170{15- 17(1/,1- 17(,]/1
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Representation: Forward and Reverse Processes

@ Forward process: Choose 3; to be constants, nothing to learn
o Can be made learnable, gradient descent using reparameterization
@ Reverse process: Choose xg ~ N(0,1) or a fixed point

o Set Yy(xs, t) = o2l with 02 = 3, or By
o KL-divergence between Gaussians is (scaled) square loss
e Choose pg(x¢, t) to minimize

L1 =E, e (e, %0) — po(xe, £)|3| + C

b
20?2
@ The expression can be simplified by recalling
(X0, €) = /dxg + /1 — de
and the form for fi¢(x¢, xo)
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Learning the Reverse Process

@ Plugging in x¢(xo, €) and fit(x¢,%o)

1 2

2
207

1
Vvt

Bt
RV 1-— (’it

Lt—l - Exo,s +C

(sutrar) - €) - toloutrar ). 1

e With x; denoting x;(xo, €), choose

ol t) = = D)

@ Sampling x;—1 ~ pg(x¢t—1|x¢) is essentially

1
Xp_1 = NG <Xt = \/1‘6:7(:“69(&7 t)) +oiz, z~N(0,1)
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Diffusion Models and Denoising Score Matching

Plugging in the form for pg(x¢, t), the objective is

€ — eo(\/drxo + /1 — G, t)‘ﬂ +C

B2

Liov=FExe |57 =
1 o |:20'%C¥t(1_01t)

Resembles denoising score matching at multiple scales t

Scaling of terms across t is inversely proportional to variance o2

Training of (-, t) at all scales t simultaneously
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Algorithms: Training and Sampling

Algorithm 1 Training Algorithm 2 Sampling
1 repeat 1: xr ~ N(0,1)
2: XONq(XO) 2: fort=T,...,1do
Z' i~ [/{;1(1(f]or1r)n({1, 1Y) 3 z~N(0,I)ift > 1,elsez=0
€~ K —
5: Take gradient descent step on 4 X1 = \/% (x‘ - %69 (Xtvt)> + oz
VeHefeg(x/dtxo+\/1fﬁge,t)“2 5: end for
6: until converged 6: return xo
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Results: Log-likelihood

Table 1: CIFARI10 results. NLL measured in bits/dim.

Model IS FID NLL Test (Train) ,
Conditional |
EBM [11] 8.30 37.9 1
JEM [17] 8.76 38.4 |
BigGAN [3] 9.22 14.73

StyleGAN2 + ADA (v1) [29] 10.06 2.67 !
Unconditional

Diffusion (original) [53] < 5.40
Gated PixelCNN [59] 4.60 65.93 3.03 (2.90)
Sparse Transformer [7] 2.80
PixelIQN [43] 5.20 49.46

EBM [11] 6.78 38.2

NCSNv2 [56] 31.75

NCSN [55] 8.87+0.12 25.32

SNGAN [39] 8.22+0.05 21.7

SNGAN-DDLS [4] 9.09+0.10 15.42

StyleGAN2 + ADA (v1)[29]  9.74 4+ 0.05 3.26
Ours (L, fixed isotropic X) 7.67+0.13 13.51 < 3.7
Ours (Lsimple) 9.46+0.11 3.17 < 3.7¢
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Results: Training Objective, Ablation

Table 2: Unconditional CIFAR10 reverse
process parameterization and training objec-
tive ablation. Blank entries were unstable to
train and generated poor samples with out-of-
range scores.

” Objective IN FID

[ prediction (baseline)

L, learned diagonal X 7.284+0.10 23.69
L, fixed isotropic X 8.06+0.09 13.22
5 — Aoll? - -

€ prediction (ours)

L, learned diagonal 32 - -
L, fixed isotropic 3 7.67+0.13 13.51
l€ — €ol® (Lsimple) 9.46+0.11 3.17
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Results: Samples (CelebA, CIFAR10)

w 1 ¥l Lledl™
\ -: . - § -l '
- { A & v,
. V',‘.. =2 4 'd
&% oL R el
3
b

IR Tl
FE0O
i

-
- =]
=« J& o4
PP A5 l,
- ’
5 : ;
™ r
4 Z AN
&8 = Vi
o Q R10

Instructor: Arindam Banerjee



Results: Samples (LSUN)

Figure 3: LSUN Church samples. FID=7.89 Figure 4: LSUN Bedroom samples. FID=4.90
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Results: Rate Distortion

Distortion (RMSE)

Figure 5: Unconditional CIFAR10 test set rate-distortion vs. time. Distortion is measured in root mean squared
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Results: Progressive Generation
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Figure 6: Unconditional CIFAR10 progressive generation (Xo over time, from left to right). Extended samples
and sample quality metrics over time in the appendix (F1gs 10 and
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Figure 7: When conditioned on the same latent, CelebA-HQ 256 X 256 samples share high-level attributes.
Bottom-right quadrants are x;, and other quadrants are samples from pg (xo|x:).
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Results: Interpolation

Diffused source Source Rec. A=0.1 A=0.2 A=0.3 A=0.4 A=0.5 A=0.6 A=0.7 A=0.8 A=0.9 Rec. Source

Denoised
interpolation

Pixel-space Source X,
interpolation

Source x,

Figure 8: Interpolations of CelebA-HQ 256x256 images with 500 timesteps of diffusion.
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Recap: Denoising Score Matching

o Consider data- conditioned noisy po(X|x) := N(%X; x, 0°T)
o Marginal p, (%) = [ p(x)p(X[x)dx
e Sequence o3 < oy < - < on

@ Weighted sum of denoising score matching
N

0" = argmin, Z U?EP(X)Epgi(ﬂx) [||59(>~<7 o;) — Vxlog pm(>~<|x)Hﬂ
i=1

@ Learned score function sy« (x,c) matches V log p,(x)
@ Sampling based on Langevin dynamics, with zf ~ N(0,T)

t t—1 t—1 t
Xi =X 4 €isp (X, 07) + V2€z;
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Recap: Denoising Diffusion Probabilistic Models

@ Choose a sequence of positive noise scales 0 < f31,...,0y <1

e Forward process xg ~ p(x), p(xj|xi—1) = N (x;; v'1 — Bixj—1, 5iI)
Pos (xilx0) = N (xi: v/aixo, (L —a)) , ;= [[(1-5)

Jj=1
o Marginal p,,(x) = [ p(x)pa; (X[x)dx
Forward process does variational inference on generative model

(s + Brso(xir 1) B )

1
PO(Xifl‘Xi) =N (Xi1; \/1—7/5:
Training based on reweighted ELBO

0 = argming Y (1 — a;)EppEp, (1) [I50(% 07) — Vi log po, (%1x)][3]

@ Ancestral sampling using the reverse process
t—1 t t t
X =X; + €isp- (X}, 0i) + V2€iz;
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SBMs with Stochastic Differential Equations (SDEs)

@ Instead of discrete steps, make the processes continuous

e Forward process: data xg ~ p(x) to prior x1
o Reverse process is the generative model: x1 ~ pr(x) to data xg

@ Forward process is a SDE with drift-diffusion
dx = f(x, t)dt + g(t)dw

o f(x,t) is the drift, g(t) determines variance of the Wiener process w

@ Samples can be generated by reversing the SDE

dx = [f(x, t) — g(t)*Vy log p(x)]dt + g(t)dW
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SDE based Modeling

Forward SDE (data  noise) Figure 1: Solving a reverse-

= f(x,t)dt + g(t)dw —)@ time SDE yields a score-based
generative model. Transform-

e ing data to a simple noise dis-

tribution can be accomplished
with a continuous-time SDE.
This SDE can be reversed if we
know the score of the distribu-
tion at each intermediate time
step, Vx log p:(x).

co efu N
= [6,0) - £ fF o) d + o0

Reverse SDE (noise — data)
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Forward and Reverse SDE

Data Forward SDE Prior Reverse SDE Data

dz = f(z,t)dt + g(t)dw —»@— dz = [f(z,t) — g*(t)Vz log py(z)] dt + g(t)d@

Po(z) pe(z) pr(z) pe(z) Po(z)

Figure 2: Overview of score-based generative modeling through SDEs. We can map data to a
noise distribution (the prior) with an SDE (Section 3.1), and reverse this SDE for generative modeling
(Section 3.2). We can also reverse the associated probability flow ODE (Section 4.3), which yields a
deterministic process that samples from the same distribution as the SDE. Both the reverse-time SDE
and probability flow ODE can be obtained by estimating the score Vi log p;(x) (Section 3.3).
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Estimating Scores for the SDE

@ Train a score based model for all scales

0" = argmine E, |:)\(t)Ex(O)Ex(t)x(O) l: HS@(X(t), t) -V x(t) log POt H :H

@ \: [0, T] — R, is a positive weighting function
o Typically choose A(t) o< L.E[|| V() log po (x(t)[x(0))|1%]

@ Need to know the transition kernel po:(x(t)[x(0))

o Affine drift f(x, t) keeps the kernel Gaussian
o In general, solve Kolmogorov forward equation
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Example SDEs

@ Variance exploding (VE) SDE, variance ‘explodes’ as t — oo

_[dlo?(¢)]
dx = wa

@ Variance Preserving (VP) SDE, process with fixed variance

dx = —%/3(t)xdt + /B(E)dw

@ Sub-VP SDE, variance bounded by VP SDE

dx = —%ﬁ(t)xdt + \/ﬁ(t)(l — 72 )5 Als)ds) gy
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Reverse SDE Solvers

@ General purpose numerical SDE solvers
@ Predictor-Corrector samplers

e Score based MCMC, e.g., Langevin MCMC, or Hamiltonian MC
o Predictor: Numerical SDE first gives a numerical estimate
o Corrector: Score-based MCMC corrects the marginal distribution

@ Author’s claim: Deterministic process with same marginal as SDE

1
dx = |f(x,t) — §g2(t)vx log p:(x) | dt

o Called “probability flow”
e Score modeled by neural model, example of neural ODE
o Allows exact likelihood computation, embedding
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Results: Reverse SDE Solver

Table 1: Comparing different reverse-time SDE solvers on CIFAR-10. Shaded regions are obtained
with the same computation (number of score function evaluations). Mean and standard deviation
are reported over five sampling runs. “P1000” or “P2000”: predictor-only samplers using 1000 or
2000 steps. “C2000”: corrector-only samplers using 2000 steps. “PC1000”: Predictor-Corrector (PC)
samplers using 1000 predictor and 1000 corrector steps.

Variance Exploding SDE (SMLD) Variance Preserving SDE (DDPM)
FID| Sampler
P1000 P2000 C2000 PC1000 P1000 P2000 C2000 PC1000
Predictor
ancestral sampling | 4.98+.06  4.88+ .06 3.62+.03 | 3.24+.02 | 3.24+.02 3.21+.02
reverse diffusion 479+01  474+08 2043+.07 3.60+.02 | 3.21+.02 | 3.19+.02 | 19.06+.06 | 3.18+.01
probability flow 1541+.5  10.54 + 08 3.51+.04 | 3.59+.04 | 3.23+.03 3.06 + .03
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Results: NLL and FID on CIFAR-10

Table 2: NLLs and FIDs (ODE) on CIFAR-10.

Model NLL Test | FID |
RealNVP (Dinh et al., 2016) 3.49 -
iResNet (Behrmann et al., 2019) 345 -
Glow (Kingma & Dhariwal, 2018) 3.35 -
MintNet (Song et al., 2019b) 3.32 -

Residual Flow (Chen et al., 2019) 3.28 46.37
FFJORD (Grathwohl et al., 2018) 3.40 -

Flow++ (Ho et al., 2019) 3.29 -

DDPM (L) (Ho et al., 2020) <3.70° 13.51
DDPM (Lsimpie) (Ho et al., 2020) <3.75" 3.17
DDPM 3.28 3.37
DDPM cont. (VP) 321 3.69
DDPM cont. (sub-VP) 3.05 3.56
DDPM++ cont. (VP) 3.16 3.93
DDPM-++ cont. (sub-VP) 3.02 3.16
DDPM-++ cont. (deep, VP) 3.13 3.08
DDPM++ cont. (deep, sub-VP) 2.99 2.92
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Results: FID and IS in CIFAR-10

Table 3: CIFAR-10 sample quality.

Model FID| ISt
Conditional

BigGAN (Brock et al., 2018) 14.73 9.22
StyleGAN2-ADA (Karras et al., 2020a) 2.42 10.14
Unconditional

StyleGAN2-ADA (Karras et al., 2020a)  2.92 9.83
NCSN (Song & Ermon, 2019) 2532 887 +.12
NCSNV2 (Song & Ermon, 2020) 10.87 8.40 + .07
DDPM (Ho et al., 2020) 3.17 946+ .11
DDPM++ 2.78 9.64
DDPM++ cont. (VP) 2.55 9.58
DDPM++ cont. (sub-VP) 2.61 9.56
DDPM++ cont. (deep, VP) 2.41 9.68
DDPM++ cont. (deep, sub-VP) 241 9.57
NCSN++ 2.45 9.73
NCSN++ cont. (VE) 2.38 9.83
NCSN++ cont. (deep, VE) 2.20 9.89
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Results: Adaptive Sampling
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Figure 3: Probability flow ODE enables fast sampling with adaptive stepsizes as the numerical
precision is varied (/eff), and reduces the number of score function evaluations (NFE) without harming
quality (middle). The invertible mapping from latents to images allows for interpolations (right).
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Results: Sampling, Inpainting

Figure 4: Left: Class-conditional samples on 32 x 32 CIFAR-10. Top four rows are automobiles and
bottom four rows are horses. Right: Inpainting (top two rows) and colorization (bottom two rows)
results on 256 x 256 LSUN. First column is the original image, second column is the masked/gray-
scale image, remaining columns are sampled image completions or colorizations.
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Results: Samples
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