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Setting

Composite Objective Function:

min
x∈X

T∑
t=1

ft(x) + ϕ(x)

ft(x): Closed Convex function
ϕ(x): Closed Convex function

gt ∈ ∂ft(xt)

g1:t =


g1,1 g2,1 . . . gt,1
g1,2 g2,2 . . . gt,2

...
...

. . .
...

g1,d g2,d . . . gt,d



Goal: Minimize the regret:

R(T) =
T∑

t=1

ft(xt) + ϕ(xt)− inf
x∈X

[
T∑

t=1

ft(x) + ϕ(x)

]

=

T∑
t=1

ft(xt) + ϕ(xt)− ft(x∗) + ϕ(x∗)
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Problem?

Composite Objective Mirror Descent [OPT 1]

xt+1 = arg min
x∈X
{η〈gt, x〉+ ηϕ(x) + Bψ(x, xt)} (1)

Primal-Dual sub-Gradient Descent [Xiao 2010]

xt+1 = arg min
x∈X
{ η

t

∑t
τ=1〈gτ , x〉 +ηϕ(x) +

1
t
ψ(x)} (2)

η〈ḡt, x〉

Decaying learning rate helps?
How Proximal Function (ψ) effect learning rate?
e.g., ηt = η0

t ≡ ψt = tψ

Treating all features the same!
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Key Insight

Earlier Algorithm:

xt+1 = arg min
x∈X

{
η〈gt, x〉+ ηϕ(x) +

1
2
‖ x− xt ‖2

p

}
(3)

Regret Bound:

R(T) ≤ 1
2η
‖ x1 − x∗ ‖2

p +ϕ(x1) +
η

2

T∑
t=1

‖ gt ‖2
p∗ (4)

gt ∈ ∂ft(xt).

Adaptive Proximal Function:

xt+1 = arg min
x∈X

{
η〈gt, x〉+ ηϕ(x) +

1
2
‖ x− xt ‖2

H

}
(5)

Mahalanobis norm (H < 0):

‖ x ‖2
H= 〈x,Hx〉 = xTH x

‖ x ‖2
H∗= 〈x,H−1x〉 = xTH−1x

Regret Bound:

R(T) ≤ 1
2η
‖ x1 − x∗ ‖2

H +ηϕ(x1) +
η

2

T∑
t=1

‖ gt ‖2
H−1 (6)
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Diagonal Matrices

In order to minimize regret:

min
H<0

tr(H)≤c

T∑
t=1

‖ gt ‖2
H−1

≡ min
s<0
〈1,s〉≤c

d∑
i=1

∑T
t=1 g2

t,i

si

H =


s1 0 . . . 0
0 s2 . . . 0
...

...
. . .

...
0 0 . . . sd


Lagrangian of the problem:

L(s, λ, θ) =
d∑

i=1

‖ g1:T,i ‖2
2

si
− 〈λ, s〉+ θ(〈1, s〉 − c).

∂L
∂si

= −‖g1:T,i‖2
2

s2
i
− λ+ θ = 0

λ = 0

}
⇒ si =

c ‖ g1:T,i ‖2∑d
i=1 ‖ g1:T,i ‖2

2

Farideh Fazayeli 7/21
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ADAGRAD with Diagonal Matrices

1 g1:t = [g1:T−1 gt]
2 st,i =‖ g1:t,i ‖2
3 Ht = δI + diag(st)
4 ψt(x) = 1

2〈x,Htx〉

5 Primal-Dual Sub Gradient Update:

xt+1 = arg min
x∈X
{η

〈
1
t

t∑
τ=1

gτ , x

〉
+ ηϕ(x) +

1
t
ψt(x)}

6 Composite Mirror Descent Update:

xt+1 = arg min
x∈X
{η〈gt, x〉+ ηϕ(x) + Bψt(x, xt)}

Farideh Fazayeli 8/21
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ADAGRAD Updates

First Order Approximation Updates:

xt+1 = xt − ηgt

ADAGRAD Updates

xt+1 = xt − ηH−1gt

Capturing the geometry
Different learning rate for different Features
Similar to second order approximation

Farideh Fazayeli 9/21
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Regret Bound - Corollary 1

ADAGRAD with Composite Mirror Descent Update:
supx,y∈X ‖ x− y ‖∞≤ D∞
supx,y∈X ‖ x− y ‖2≤ D2

η = D∞/
√

2

R(T) ≤
√

2dD∞

√√√√ inf
s<0,〈1,s〉≤d

T∑
t=1

‖ gt ‖2
diag(s)−1 =

√
2D∞

d∑
i=1

‖ g1:T,i ‖2

Earlier:

R(T) ≤
√

2D2

√√√√ T∑
t=1

‖ gt ‖2
2

Farideh Fazayeli 10/21
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Proof

Composite Mirror Descent update:

R(T) ≤ 1
η

T−1∑
t=1

[
Bψt+1(x∗, xt+1)− Bψt(x∗, xt+1)

]
1
η

Bψ1(x∗, x1) +
η

2

T∑
t=1

‖ f ′t (xt) ‖2
ψ∗t

ψt(x) = 〈x, diag(st)x〉
Bψ(x, y) = ψ(x)− ψ(y)− 〈5ψ(y), x− y〉

Farideh Fazayeli 11/21
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Proof - Cont.

Bψt+1(x∗, xt+1)− Bψt(x∗, xt+1) =
1
2
〈x∗ − xt+1, diag(st+1 − st)(x∗ − xt+1)〉

≤ 1
2
‖ x∗ − xt+1 ‖2

∞‖ st+1 − st ‖1

1
η

T−1∑
t=1

[
Bψt+1(x

∗, xt+1)− Bψt (x
∗, xt+1)

]
≤ 1

2η
D∞

d∑
i=1

‖ g1:T,i ‖2 −
1

2η
‖ x∗ − x1 ‖2

∞ 〈1, s1〉

1
η

Bψ1(x
∗, x1) ≤

1
2η
‖ x∗ − x1 ‖2

∞ 〈1, s1〉

η

2

T∑
t=1

‖ f ′t (xt) ‖2
ψ∗

t
≤ η

d∑
i=1

‖ g1:T,i ‖2 (Proof by Induction)
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Example - Support Vector Machine

Hing Loss: ft(x) = [1− yt〈zt, x〉]+
Sparse Random Data: zt ∈ {−1, 0, 1}d

zt,i 6= 0 with probability ∝ i−α for α > 1
X = {x :‖ x ‖∞≤ 1} D∞ = 2 D2 = 2

√
d

‖ gt ‖2
2≥ 1

Online Gradient Descent: O(
√

d
√

T)
ADAGRAD: O(2max{log d, d1−α/2}

√
T)

E
d∑

i=1

‖ g1:T,i ‖2 =

d∑
i=1

E
√
|{t : |gt,i| = 1}| ≤

d∑
i=1

√
E|{t : |gt,i| = 1}| =

d∑
i=1

√
piT

c
d∑

i=1

i−α/2 =


O(log d) if α ≥ 2;

O(d1−α/2) if α ∈ (1, 2).
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d∑
i=1

√
piT

c
d∑

i=1

i−α/2 =


O(log d) if α ≥ 2;

O(d1−α/2) if α ∈ (1, 2).
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`1-regularization

ϕ(x) = λ ‖ x ‖1

Ht,ii = δ+ ‖ g1:t,i ‖2

ADAGRAD with Primal-Dual sub-Gradient update:

xt+1,i = sign(−ḡt,i)
ηt

Ht,ii
[|ḡt,i| − λ]+

Standard primal-dual sub-Gradient update:

xt+1,i = sign(−ḡt,i)η
√

t[|ḡt,i| − λ]+

ADAGRAD with Composite Mirror Descent Update:

xt+1,i = sign
(

xt,i −
η

Ht,ii
gt,i

)[∣∣xt,i −
η

Ht,ii
gt,i
∣∣− λη

Ht,ii

]
+
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`1-ball projection

X = {x :‖ x ‖1≤ c}
xt+1 = arg minx∈X {〈x, u〉}+ ϕ(x) + 1

2〈x,Htx〉}
u = ηtḡt

Assume ϕ(x) = 0
The problem is equivalent to

min
z
‖ z + H−1/2u ‖2

2 s.t. ‖ Az ‖1≤ c

z = H1/2x and A = H−1/2

ν = −H−1/2u

z∗i =


νi − θ∗ai if νi ≥ θ∗ai;

0 O.W..

for some θ∗ ≥ 0
O(d log d)
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Text Classification

Reuters RCV1 data set
800,000 text article
2M features ∈ {0, 1}
< 5000 non-zero features per article

FOBOS ADAGRAD PA AROW
Economics .058(.194) .044(.086) .059 .049
Commerce .111(.226) .053 (.276) .107 .061
Government .056(.183) .040(.225) .066 .044
Medicine .056(.146) .034(.176) .053 .039
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Sparsity Accuracy Tradeoff

Varying λ from 10−8 to 10−1

Farideh Fazayeli 18/21



Outline Introduction Diagonal Matrices Regret Analysis Examples Full Matrices

ADAGRAD with Full Matrices

Minimizing regret by:

min
A<0

tr(A)≤c

T∑
t=1

〈gt,A−1gt〉

Lagrangian of the problem:

L(A,Z, θ) =

T∑
t=1

〈gt,A−1gt〉 − tr(AZ) + θ(tr(A)− c)

If GT =
∑T

τ=1 gτgT
τ is full rank

A =
cG1/2

T

tr(G1/2
T )
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ADAGRAD with Full Matrices

Update Gt = Gt−1 + gtgT
t

St = G
1
2
t

Set Ht = δI + St

Set ψt(x) = 1
2〈x,Htx〉

Primal-Dual Sub Gradient Update:

xt+1 = arg min
x∈X
{η

〈
1
t

t∑
τ=1

gτ , x

〉
+ ηϕ(x) +

1
t
ψt(x)} (7)

Composite Mirror Descent Update:

xt+1 = arg min
x∈X
{η〈gt, x〉+ ηϕ(x) + Bψt(x, xt)} (8)
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Regret Bound - Corollary 11

ϕ(x1) = 0

X : Compact Set such that supx∈X ‖ x− x∗ ‖2≤ D

η = D/
√

2, δ = 0
Composite Mirror Descent Update:

Rφ(T) ≤
√

2Dtr(G1/2
T ) =

√
2dD

√√√√inf
s

{
T∑

t=1

gT
t S−1gt : S < 0, tr(S) ≤ d

}

Farideh Fazayeli 21/21


	Introduction
	Diagonal Matrices
	Regret Analysis
	Examples
	Full Matrices

