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‘ Motivation

B Many practical signals are inherently parsimonious

B Sparse high-dimensional signal 5* € R?
S(B*)=={i = 8% # 0} ko= S(B")<p

B Observations with random noise

y=Xp"+w
X € R**P Regression matrix
E[w] — 0 i.i.d noise

B Typically p > 1 - seriously underdetermined

B Objective: Giveny and X find the sparse 3*




‘ Variable selection via LASSO

B |east Absolute Shrinkage and Selection Operator (LASSO)

B = argmingers { 3 lly — XBI3 + a8l }

Q: What are the necessary and sufficient conditions on (n,p,k)
> Possible (or impossible) to ensure S(8*) = S(f3),

~

» More ambitiously sgn(3*) = sgn(/3)




‘ Observations

Identity; Fractional power Identity; Fractional power
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\ Road ahead

B Optimality and unigueness conditions

B Guarantees for deterministic regression matrix
O Achievability
O Inachievability

B Guarntees for random (Gaussian) regression matrix
 Achieveability
d Inachievabillity




| Optimality conditions
B Convex non-smooth objective function

f(B) = g5 lly = XBl3 + Al Bllx

m Subgradient z € 9||5||1

Zp = Sgn(ﬁ’i)a 62 3& 07 Zi € [_17 1]7 /B’L =0

Lemma 1: 3 is an optimal solution of LASSO iff 3 2 € 9||3||; s.t

LXTX(B—B*) = 1XTw+ N\, 2=0




‘ Uniqueness

B Bunique optimal < f(B)<f(ﬁ), V3 € RP

Lemma 2;
T

D g5
2) The su
unique

If
Xg(p) invertible, and

bgradient Z satisfies|2;| < 1, Vj ¢ S(B), then 3 is the
optimal solution of the LASSO problem.

B Proof ..




‘ Primal-dual withess construction

Q: If there exists a valid primal-dual witness (PDW) pair (3, %) s.t.

> Bis the unique optimal solution with S(5) C S(5*)?

B Candidate primal variable

Bs = argming,enr { 2 lly — XoBsl3 + AnllBsl |
Bge =0

B Candidate dual variable

25 €0|1Bsli [Zs =sgn(B*g)]

nin,




‘ PDW success

Lemma 3: Suppose that X X g invertible.

~ < 1,then 3 unique optimal solution w/ S(3) C S(8*)

1) If ||Zge

2) If | Zgc]|loo < 1, Zs = sgn(B), then 3 unique optimal w/ sgn(5*) = sgn(f)

o~ > lor Zg # sgn(5*), then LASSO fails.

3) Ifeither ||Zg-

B LASSO has a unique optimal solution with correct signed support if and
only if PDW construction succeeds.




‘ Existence of a valid PDW

Z; = Xf{XS(XgXS)_lég + Iy, (L)}, jeS§e

nin

A;i= T (1XEXs)  [1xTw—dusen(B7g)], €S

Lemma4: If X1 Xg invertible,
a) |25 |0 < 1iff
Z;| <1, jeS°

b) Zg = sgn(5*) Iff
sgn(BF + A;) =sgn(fBf), 1€ 8

10



‘ Deterministic X

B Incoherence conditions

A1) X5 Xs(XgXs) o 1 =7, 7 €(0,1]

A2) Amin(inngs) > Chnin > 0

B w ¢ R"i.id. sub-guassian with parameter g2

Pl|lw;| > 7] < 2exp(—72/202)

B Any r.v. with strongly log-concave density ...
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| Achievability result

Theorem 1: Assume that A1) and A2) hold, and —= maxjesc | X2 < LIf

2 202 log(p)
A > 242

Then, w.p.> 1 — dexp(—ci1nA?)

a) 3 is the unique optimal sol. of LASSO w/ S(5) C S(5*), and

1B = B slloo < Xa| I(XE Xs/m) " l]oo + =]

b) In addition, if Smin > 9(An), thensgn(B) = sgn(8*)

B Remark: n=0(k log(p))
p=0O(exp(n)),k = O(n%), B2, >n2"1 w/ 0<d +d3<d <1
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‘ Inachievability result

Theorem 2: Assume that A2 holds, and noise is symmetric.

a) If Al is violated, i.e., max;ege | X Xs(X5Xs) 'sgn(8*g)| = 1+ v, then
Plsgn(8) =sgu(8)] < 3. Vn, Ay >0

b) If |8} < gi:(\,) for some i € S, where
Gi(An) = Ane] (X§Xs/n) 'sgn(B8*)

then, Plsgn () = sgn(5")] < 3

B Mutual incoherence essential for signed support recovery
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 Proof sketch (Theorem 1)

B Strict dual-feasibility: max;cg, |Z;| <1

Step 1) Describe the r.v.

Zy =i+ 7
i =X Xs(XEXg) g Z; = XI'Mx,.(w/An)
sl <1+ wr(Z;) = 52
maxjese |Zj] < (1 —7) + max 1Z5]
=

Step 2) Tail bound + union bound

P[O > t] < 2(p — k) exp ( _ Ainﬁ)

2072




‘ Cont'd

B bounded /.- norm (max;cgs A; := |Bi — B

Step 1) Describe the r.v.

-1 w —1
maxies A < maxies [ef (X§Xs/n)  XE = |+ M|(XEXs/n) oo

A

Vo

:VZ

2

var(V;) < ng

Step 2) Tail bound + union bound

P[maXiGS “/z| > t] < 2k exXp ( — 1?(23’%1“71) t= 40-)\7?,/\/ Cfmin

maxies A < hn | 74— + [I(XEXs/m) 7
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 Proof sketch (Theorem 2)

A

B Part (a): Assume that sgn(8) = sgn(8*) > Plmaxjese|Z;| > 1] >

¢ = argmax;cg, ‘Mj = Xsz(Xng)_lsgn(ﬁ*s)‘
Zy = pe + Zy
el =1+v>1 — P[|Z]|>1]>14

~

B Part (b): Assume thatsgn(8) = sgn(8*)-> Plsgn(8*; + A;) # sgn(B*,

W.L.O.G. suppose (3*. € (0, 3;(\,))

B+ Ay = 6% — §i(An) +e] (XgXs/n) ' Xw

=D;<0 T=W;

1
2
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‘ Random Gaussian X

B Observation model y = X 3% 4+ w

X wiidrows  x; ~ N(0,Y)
w ~ N(0,0%1,)

B Incoherence conditions
B1) [|[Zses(Xss) Moo <1 -7,

B2) Amin(ESS) > Chin > 0

B3) Amax(ESS) < C’max < o0

[ Z:Ip9 Y = Cmin = Cmax =1

v € (0,1]

17



Achievabillity result

Theorem 3: If B1 and B2 hold, and (n,p,k) satisfy

n o Cmm
oty > (L+ 0)0,(2) (1 + Spvy

for some 0 > 0 then, w.h.p
a) (3 is the unique sol. of LASSO w/ S(j3) C S(8*)

b) If Buin > g(An), thensgn(B) = sgn(5*), and ||Bg —

)

/B*S”oo < Q(An)

B For large \,,, need n > 260, (X)klog(p — k)
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Inachievability result

Theorem 3: If B1-B3 hold, and (n,p,k) satisfy

2klogTEp—k) <(1- 5)94?(2)( T gnéax)

_ Pe
OE o C’max (2_7)2

then, w.h.p. no solution of LASSO has the correct signed support.

B For large \,, > LASSO fails for n < 260,(3)klog(p — k)

B For small A» = noise dominates the signal = LASSO fails

2
m For uniform Gaussian X = I, 2 5iToz—f) < L T 327

m Noiseless case (BP): n = O(p) > k = O(p)
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