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Assumptions and Notation

I Wi are independent processes with N (0, σ2)

I The regularization parameter r,

r = Aσ

√
log M

n

I M(β) is number of nonzero elements of β
I |x|p is the p-norm of x
I δI is the sub vector of δ corresponding to the set of indices I



LASSO and Dantzig Selector (Section 2)

Linear Regression model
y = Xβ + w

LASSO (normalized columns of X)

β̂L = argmin
β

1
n
‖y− Xβ‖2

2 + 2r|β|1 (1)

Necessary condition for optimality of (1) is,∣∣∣∣1nXT(y− Xβ)
∣∣∣∣
∞
≤ r (2)

Dantzig Selector
β̂D = argmin

β
|β|1

subject to (2)
(3)
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Restricted positive definiteness (Section 3)

When J0 is the support of β∗ and δ := β̂ − β∗

|δJc
0
|1 ≤ c0|δJ0 |1

with high probability that c0 = 1 for Dantzig and c0 = 3 for LASSO

κ(s, c0) := min
J0∈J

min
δ∈δ(J0)

|Xδ|2√
n|δJ0 |2

where
J = {J0 : J0 ⊆ {1, . . . ,M}, |J0| ≤ s}

δ(J0) = {δ : δ 6= 0, |δJc
0
|1 ≤ c0|δJ0 |1}

Assumption RE(s, c0) is a condition that κ(s, c0) > 0
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Theorem 7.1 (Section 7)

Let diag(XTX) = 1, A >
√

2, and RE(s, 1), then with probability
1−M1−A2/2

|β̂D − β∗| ≤
8A

κ2(s, 1)
σs

√
log M

n

|X(β̂D − β∗)|22 ≤
16A2

κ2(s, 1)
σ2s log M

Additionally, for p ∈ [1, 2], with RE(s,m, 1)

|β̂D − β∗|pp ≤ 2p−18
{

1 +

√
s
m

}2(p−1)

s

(
Aσ

κ2(s,m, 1)

√
log M

n

)p

M(β̂L) ≤
64φmax

κ2(s, 3)
s



Theorem 7.2 (Section 7)

Let diag(XTX) = 1, A > 2
√

2, and RE(s, 1), then with probability
1−M1−A2/8

|β̂L − β∗| ≤
16A

κ2(s, 3)
σs

√
log M

n

|X(β̂L − β∗)|22 ≤
16A2

κ2(s, 3)
σ2s log M

Additionally, for p ∈ [1, 2], with RE(s,m, 1)

|β̂D − β∗|pp ≤ 16
{

1 + 3
√

s
m

}2(p−1)

s

(
Aσ

κ2(s,m, 3)

√
log M

n

)p

M(β̂L) ≤
64φmax

κ2(s, 3)
s



Sufficient Conditions for RE(s, c0) (Section 4)

φmin(u) := min |Xδ|2|δ|2
φmax(u) := max |Xδ|2|δ|2

M(δ) ≤ u

Notion of how ’orthogonal’ the columns of X are

θm1,m2 = max
c1XT

I1
XI2c2

n|c1|2|c2|2

I1 ∩ I2 = ∅
|Ii| ≤ mi

ci ∈ RIi\{0}
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Sufficient Conditions for RE(s, c0) (Section 4)

Assumption 4
φmin(s) > 2c0θ1,1s

Assumption 5
When diag(XTX) = 1 (i.e. normalized columns),

θ1,1 <
1

(1 + 2c0)s
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Sufficient Conditions for RE(s, c0) (Section 4)

Assumption 3
φmin(s) > 2c0θs,1

√
s



Sufficient Conditions for RE(s, c0) (Section 4)

Assumption 1
φmin(2s) > c0 θs,2s

Assumption 2
mφmin(s + m) > c2

0sφmax(m)



General Nonparametric Regression (Section 2)

Yi = f (Zi) + Wi

where f : Z → R. Dictionary FM := {f1, . . . , fm}

‖g‖n :=

√√√√1
n

n∑
i=1

g2(Zi)

fmax := max1≤j≤M‖fj‖n

fmin := min1≤j≤M‖fj‖n

In Linear Regression,

fβ = Xβ, fi = ith column of X
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General Nonparametric Regression (Section 2)

LASSO

β̂L = argmin
β

1
n
‖y− Xβ‖2

2 + 2r
M∑

j=1

‖fj‖n|βj|1

Dantzig set changes similarly to reflect weights∣∣∣∣1ndiag(‖fi‖−1
n ) XT(y− Xβ)

∣∣∣∣
∞
≤ r
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Theorem 5.1 (Section 5)

With RE(s, 1), A > 2
√

2

|‖f̂D − f‖2
n − ‖f̂L − f‖2

n| ≤ 16A2M(β̂L)σ
2

n
f 2
max

κ2(s, 1)
log M

Theorem 5.2 (Section 5)

With RE(s, 5), A > 2
√

2

‖f̂L − f‖2
n ≤ 10‖f̂D − f‖2

n + 81A2M(β̂D)σ
2

n
log M
κ2(s, 5)



Theorem 6.1 (Section 6)

With RE(s, 3 + 4/ε)

‖f̂L − f‖2
n ≤ (1 + ε) inf

M(β)≤s

{
‖fβ − f‖2

n +
C(ε)f 2

maxA2σ2

κ2(s, 3 + 4/ε)
β log M

n

}



Proposition 6.3 (Section 6)

With RE(s max{C1(ε), 1}, 3 + 4/ε)

‖f̂D − f‖2
n ≤ (1 + ε) inf

M(β)≤s

{
‖fβ − f‖2

n +
C2(ε)f 2

maxA2σ2

κ2
0/

s log M
n

}
where

C1(ε) = 4[(1 + ε)C0 + C(ε)]φmaxf 2
max

κ2f 2
min

C2(ε) = 16C1(ε) + C(ε)
κ0 = κ(max{C1(ε), 1}, 1)s, 3 + 4/ε)



Questions?


