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At least m cuts s.t. the image 1s clear? :



mcuts 4@ mean width <) signal

m=Co w(K)’ w(K)? < Cslog(2n/s)

S
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n=512*%512
s/n=2%
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* What’s compressed sensing

* What’s 1-bit compressed sensing

e Mean width [w < (n, s)] [m < W]

* ]-bit compressed sensing
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What’s compressed sensing
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What’s compressed sensing

X

s(n,1)

Y(m,l)

X = arg minHXH1 s.t.EHY_AXH2
X 2 2



What’s 1-bit compressed sensing
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At least m bits s.t. the 1image 1s clear? ;



What’s 1-bit compressed sensing

* Dramatic compression

— n—>m (compressed sensing)
— m bits (1-bit)
* Could we recover signal accurately?
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4096 pixels, 8bits = 32 kb 4096 bits= 4 kb

P. T. Boufounos and R. G. Baraniuk. 1-bit Compressive Sensing, in Proceedings of
Conference on Information Science and Systems (CISS), Princeton, NJ, March 2008.




What’s 1-bit compressed sensing

e Model

N
CS Y(m’l) = A(m,”l)x(n,.l)
y, yi :<al‘ax>9 l=1,...m

g A Yi = 9(< a;, X >)9 l:Lm » Yi = {+19_1}

1(_;bsit —1<6(2) <1, 6(z):Sign,logistic,...

) D 29(< Cl,-,x>+vl-), 1 =1,...m, v, :noise

program

m
[ cONVEX } max ) y, <a;,x'>, subject tox'e K

=1 o (Convex)
m=. 10




This paper

If 1-bit measurement 1s noisy,
—m=0(slog(n/s)) torecover the signal X
—Accuracy m=>CoO "w(K)’ Sl=mT
— Probability >1-8exp(—co’m) mT=PT
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This paper—
3 surprising conclusions
yi:¢9(<ai,x>+vi), v, ~ N(0,07°)
. The signal x can be estimated even 1f each

measurement 1s flopped with probability
nearly %2.

. The signal x can be estimated even when the
noise level o eclipses the magnitude of the
linear measurements.<a,, x >

. If the noise 1s big enough, nothing 1s lost by
quantizing to 1-bit (minimax error).



This paper
y. =60(<a,x>)
Ef6(g)g=1>0
A : correlation coefficient
. a, are standrard Gaussian random vectors & HXH =1
g : standard Gaussian random vector

Ey. <a,x>=E6(g)g =1
HA

<a,x>



m=2

Y = sign[

1

0.6 |

Mean width *z

Impossible to exact recovery!

Yi :Sign(< a,, X >), l:,2
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Mean width #

A

e How to measure the size of K?

sup<77,u>—inf<77, = sup 77,

w(K):=E sup (1, x)
xcK—-K

w(K)=E sup<gx g~ NOI
xcK—K

g : standard Gaussian random vector

* Proposition 2.1 (mean width)
2) w(K) =w(conv(K))



Mean width ?*; R

* Sparse signal set
S,,={xeR": xHO < S,HXH2 <1}

n
S, , 1s the union of [

) - dimension unit Euclidean balls.
)

g. € R' :the restriction of g on to the coordinates in T

Given gin R", T c{1,2....n} |
W(Sn,s) = k' max gTHz Meaning ??? Q

‘T‘=s
(g x)[ < e, M, )

P(w(S, )< f(n.8))>99%




Mean width *
w(K (n,s)

* Theorem 3.2 (Gaussian Concentration inequality)
2

P(x—E|x]=1) < exp(— %j, wheret >0

P(x)
f‘

Elx] E[x]+t

17




éﬁ Mean width * ( w '

P(||gT|| _E||gT|| +t)<exp(—5j foreach T, Tc{l,2...n}

- Elg,], lgr2)?=s  (: Jensen’s inequality)

2
P(||gT||2 > \/§+t) < exp(—%} foreachT, T c{l1,2...n}

'+ P(AUB)< P(A)+ P(B) (- union bound) e‘a
P(T I, >[+t)<p(||gT1|| > s +1)+... +P[ (j >\/_+tj

o), |




Mean width g ’ |

n £2
P(I‘ITl‘ii( gTH2 > /s +1) < (Jexp{— Ej
n
( j <exp(slog(en/s))
S
t2
P(I‘ITl‘E}X gTH2 > «/§+ 1)< exp(s log(en/s))exp(— 3)

2
P(I‘ITl‘z_u(HgTH2 >s+1)< exp(s loge+ slog(n/s) —%)

2
gTH2 <s+1) 21—exp{sloge+slog(n/s)—%)

P(max
‘T‘=s

f(n,s)? High probability? 19



Mean width V

8TH <\/_+l‘)>1 exp(sloge+slog(n/s)—3

%2 sloge+slog(n/s)

t* > 2s5+2slog(n/s) =t >./2s+2slog(n/s)

Vs +1=A/s ++/25+2slog(n/s)
w(a+b)’ <2(a’+b°)

(V5 + 25+ 25log(n/s) | <2(s+2s+2slog(n/s)) < Cslog(n/s)

H
T=s
w (Sn,s) < Cslog(2n/s) 2%

L <man
T|=s
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1 l.l g =
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Mean width

Theorem 1.1 (Fixed Signal Estimation, Random Noise): Let
ai,....a,, beindependent standard Gaussian random vectors
in R"”, and let K be a subset of the unit Euclidean ball in R™.
Fix z € K satisfying ||z||, = 1. Assume that the measurements
Y1, ....4Yn follow the model above.# Then for each 5 > 0, with
probability at least 1 — 4 exp(—23?) the solution Z to the opti-
mization problem (I1.7) satisfies

3

N

z x|, < (w(K) + 3).

m=0(w(K)?)
m=CO °w(K)*, P >1-8exp(—cd’m) satisfies H)Ac — xHi <ol
0 : Accuracy(defined by users) 21



Mean width

J

w(K) =w(conv(K))

22



Mean width '4»

w(K)  w(S,;)

If xe Sn o 1] < \/E (+ Cauchy-Schwarz inequality)
K,,=tre R":|af, <L|x| <+s}= B! A/sB;

conv(S, ) K, C2conv(S, ) (~ Lemma 3.1[23])
w(K, ) < 2w(conv(S, ) < C+/slog(2n/s)
=>wK, )< C\/s log(2n/s)

max Zm: y, <a,,x'>, subject to Hx'H2 <land Hx'Hl <s
i=1

23



Mean width

J

m>Co " wK)> wK)< C\/S log(2n/s)

m=>Co slog(2n/s)
—>m=0(slog(n/s))

24



1-bit compressed sensing

1. The signal x can be estimated even 1f each
measurement 1s flopped with probability
nearly %2.

y, = Esignl(a,, x))

P{c,=1}=p

E[g =1 pesign(z)+(-1)® (- p)esign(z)
=2(p—1/2)sign(z)

A=2(p-1/2)E|g|
m>Co(p—1/2)"slog(2n/s)



1-bit compressed sensing

2. The signal x can be estimated even when the
noise level o eclipses the magnitude of the
linear measurements E\(a,,x)|=+2/7
y, = 0(< a,x > +vi),vl. ~ N(0,0°)

2

A= . exp(—g2/202)=\/
TO

2
w(c” +1)

m=Co (0" +1)slog(2n/s)

2
oo <C \/(a +1)slog(2n/s)
? m




1-bit compressed sensing

3. If the noise 1s big enough, nothing is lost by
quantizing to 1-bit (minimax error)
y, =<da,,x>+v, yi=9(<ai,x>+vi),vi~N((),O'2)

minimax error [24]

5260_\/Slog(2n/s)

m

2
o <C \/(0' +1)slog(2n/ s)
? m

1) Up to a constant
2) o>1




Theorem 1.1

Theorem 1.1 (Fixed Signal Estimation, Random Noise): Let
ai,....a,, beindependent standard Gaussian random vectors
in R"”, and let K be a subset of the unit Euclidean ball in R™.
Fix z € K satisfying ||z||, = 1. Assume that the measurements
Y1, ....4Yn follow the model above.# Then for each 5 > 0, with
probability at least 1 — 4 exp(—23?) the solution Z to the opti-
mization problem (I1.7) satisfies
ioaff<—

2= 3\ /m

(w(K) + 3).




Theorem 1.1
R S |
f.(x)= le:l:yi<ai’x>
f.(®)= f.(x), xis feasible set

m
X : solution of max Z y, <a;,, x>, subjectto x'e K
i=1

Lemma 4.1 (Expectation): Fix £’ € R". Then
Efe(z') = Mz, 2)

and thus

Elfe(x) — fz(z')] = A1 = (z,7')) 2

29



Theorem 1.1

Proposition 4.2 (Concentration): For eacht > 0, we have

{[F" { sup | fz(z) — Efz(2)| > 4w(K)//m + f}}

zeK—K
< 4exp(—mt?/8).

4w(K)

0< f,(D)-f.(x0)=f.G-0) <E[f,(R-0)]+ NP

" P( sup fx(z)—Efx(z)‘ < 41‘}(_K) +1)=>1—4exp(—mt>/8)
z€eK-K m

f.(2)—Ef (2) < 41‘}%{) tt1= f(2) S Ef (2)+ 41‘}%{) +1

G0 <Ef G-x)+ )




Theorem 1.1

Lemma 4.1 (Expectation): Fix £’ € R"™. Then

Efz(z') = Mz, z')

and thus
Elfe(@) o)) =M1 - (5,2) > |z ]

. . 4w(K)

f(R-0)<E[f.(2-x)]+ +1
Jm

Aua 4w(K
< —— —xHi + wik) +¢ (~ Lemma4.1)

2 Jm

choose t =48/m

F-af; < %(W(K) +/) , P>1-4exp(-23)



Proposition 4.2

Lemma 5.1 (Symmetrization): Leteq,eo,...,€,, beindepen-
dent Rademacher random variables.® Then

pi=E sup |fz(z) — Efz(2)]

zce K— K
1 T
<2E sup — eyila;, z)|. (V.1)
zeEK—K T ; ?

Furthermore, we have the deviation inequality

P{ wup If(Z)—Ef(z)22u+t}

ze K—K
rre
<4 sup Za.,;y?;(ai,,z) >t/2 5. (V.2)
2eK—-K |75

[19] M. Ledoux and M. Talagrand, Probability in Banach Spaces: Isoperimetry and Processes.
Berlin, Germany: Springer-Verlag, 1991. [chapter 6.1] 2



Su

Proposition 4.2
<a Z> dist 1 m dist 1
cK-K M
1

= sup > (a,.2) =
= sup <g,z> (V4)

Y L suple.z)
zeK-K M \/EZEKPK<8 Z>
zeK-K

E sup SLE sup <g Z>— 2w(k)

z€eK-K ' - g ANm z€eK-K , - \/%
4w(K) 1 t

P< su — > +1:;<4P<{—— su JZ) > —
{zerK ’ ’ N m } {\/m ZGKPK<g Z> 2}

P{ sup <g z>>w(K)+r}<eXp( —)chooser—t\/_/Z

e K—K

(V.5)

P{ sup | f.(z)—Ef (2) 2 (k) +t} <4exp(—t’m/8)
zeK-K \/E




Conclusions

If 1-bit measurement 1s noisy,
—m=0(slog(n/s)) torecover the signal X
— Accuracy: m>Co *w(K)’

— Probability >1-8exp(—cd°m)

e
3
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