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Gaussian Graphical Model

Gaussian Graphical Model

I X = (X1, · · · ,Xp) be a random vector from Np(µ,Σ).

I G := (V ,E ) is encoded by Θ = Σ−1.

I Xi ⊥⊥ Xj

∣∣X\{i ,j} holds iff, Θij = 0.

I Σij = 0 implies marginal independence. =⇒ Xi ⊥⊥ Xj

I S = 1
n

∑n
i=1(X (i) − X̄ )(X (i) − X̄ )T is unbiased but very

noisy estimate of Σ.
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Non Paranormal Distribution

What is Non Paranormal?

I X = (X1, · · · ,Xp). X ∼ NPN(µ,Σ, f ) if {fj}pj=1, such
that, Z ≡ f (X ) ∼ N(µ,Σ).

I f (X ) = (f1(X1), · · · , fp(Xp)), fi are monotone and
differentiable.

I NPN(µ,Σ, f ) is a Gaussian copula if fi ’s are monotone
and differentiable.

I For identifiability, µj = E (Xj) = E (Zj),
σ2
j ≡ Σjj = var(Xj) = var(Zj).

I Zi ⊥⊥ Zj

∣∣Z\{i ,j} ⇐⇒ Xi ⊥⊥ Xj

∣∣X\{i ,j} holds iff, Ωij = 0.



4/22

High Dimensional Non Paranormal Graphical Models

Non Paranormal Distribution

More about Non Paranormal

I PDF=px(X ) =
1

(2π)p/2|Σ|1/2 exp(−1
2
(f (x)− µ)TΣ−1(f (x)− µ))Πp

j=1|f ′j (xj)|
I jth Marginal =

Fj(x) = P(X ≤ x) = P(Zj ≤ fj(x)) = Φ(
fj (x)−µj

σj
)

I inverse transform: fj(x) = µj + σjΦ
−1(Fj(x)), where,

hj(x) = Φ−1(Fj(x)). Or, Z = Φ−1(F (X ))

I Σjk = cov(fj(Xj), fk(Xk)) = σjσkcov(hj(Xj), hk(Xk))

I Σ = DΛD, so, Σ−1 = D−1Λ−1D−1
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Non Paranormal Distribution

Free lunch!!

I “Extra modeling flexibility and robustness comes at
almost no cost in terms of statistical efficiency. So, rank
based methods can replace the Gaussian estimators even
when data is true Gaussian”.
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Non Paranormal Distribution

Rank Correlations

Rank Correlations

I ρ̂jk =
∑n

i=1(r ij−r̄j )(r ik−r̄k )∑n
i=1(r ij−r̄j )2

∑n
i=1(r ik−r̄k )2

I τ̂jk = 2
n(n−1)

∑
1≤i≤i ′≤n sign((x ij − x i

′
j )(x ik − x i

′

k ))

I r̂ sij = 2 sin
(
π
6
ρ̂ij
)

I r̂ tij = 2 sin
(
π
2
τ̂ij
)

I R̂ s = (r̂ sij )1≤i ,j≤p

I R̂ t = (r̂ tij)1≤i ,j≤p
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Non Paranormal Distribution

Methods

Methods

I Lasso: β̂ = argminβ∈Rp{ 1
n
||Y − Xβ||22 + λ||β||1}

I Dantzig Selector: β̂ = argmin||β||1, s.t.
||XT (Y − Xβ)||∞ ≤ λ

I Graphical Lasso:
argminΩ∈S++ − log |Ω|+ tr(ΩS) + λ

∑
j 6=k |Ωjk |

I CLIME: argminΩ||Ω||1, s.t. ||SΩ− I ||max ≤ λ

I min ||β||1 s.t. ||Sβ − ei ||∞ ≤ λn
I Can be relaxed into linear programming problem.



8/22

High Dimensional Non Paranormal Graphical Models

Non Paranormal Distribution

Methods

Methods

consider µ = 0

I ’Neighborhood’ Lasso:
Zk |Z(k) ∼ N(ZT

(k)Σ
−1
(k)σ(k), 1− σT

(k)Σ
−1
(k)σ(k))

I Zk = ZT
(k)βk + εk , θ(k) = −βk/var(εk)

I min βT Σ̂o
(k)β − 2βT σ̂o

(k) + λ||β||l1
I Graphical Dantzig Selector:

min||β||1 s.t.
∣∣|Σ̂o

(k)β − σ̂o
(k)

∣∣|∞ ≤ λ
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Non Paranormal Distribution

Proof

Rank based sample correlation matrix

For ε ∈ (0, 1), n ≥ 12π/ε, there exist some ansolute constant
c0 with:

P(|r̂ sij − σij | > ε) ≤ 2exp(−c0nε
2)

P(||R̂ s − Σ||max > ε) ≤ p2exp(−c0nε
2)

||R̂ s − Σ||max = O(
√

log p/n) wp 1− 1/p2

||R̂τ − Σ||max = O(
√

log p/n) wp 1− 1/p
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Non Paranormal Distribution

Proof

Proof

r̂ sij =
n − 2

n + 1
uij +

3

n + 1
dij

dij =
1

n(n − 1)

∑
k 6=l

sign(xki − xli).sign(xkj − xli)

uij =
3

n(n − 1)(n − 2)

∑
k 6=l ,k 6=m,l 6=m

sign(xki − xli).sign(xkj − xmj)

E (uij) =
6

π
sin−1(σij/2), by def, r sij = 2 sin(π/6r̂ij)
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Non Paranormal Distribution

Proof

As 2 sin(π
6
x) is a lipschitz function with lipschitz constant π/3,

P(|r̂ sij − σij | > ε) ≤ P(|r̂ij − E (uij)| >
3ε

π
)

≤ P(|uij − E (uij)| > 3ε/2π) under assumptions

≤ exp(−c0nε
2) McDiarmid’s

P(|r̂ τij − σij | > t) = P(| sin(π/2τ̂ij)− sin(π/2τij)| > t)

≤ P(|τ̂ij − τij | >
2

π
t)

≤ p2exp(
−nt2

2π2
) (Hoeffding)
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Non Paranormal Distribution

Result

Result:

I Rank based estimator R̂ s and R̂τ can be plugged in to
parametric graphical lasso, or graphical Dantzig selector,
or CLIME.

I Rank based methods achieve the same rate of
convergence for both precision matrix estimation and
graph recovery under the non paranormal model.
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Non Paranormal Distribution

Rank based methods

Rank based Graphical Lasso

I Θ̂s
g = arg minΘ∈S++ − log(det(Θ))+ tr(R̂ sΘ)+λ

∑
i 6=j |θij |

I High probability result.

I ||Θ̂s
g −Θ∗||max ≤ 2KH∗(1 + k/4)λ

I Sign consistency.

I ||Θ̂s
g −Θ∗||max = OP

(√
log p
n

)
I ||Θ̂s

g −Θ∗||l1 = OP

(√min{s+p,d2} log p
n

)
I for n >> d2 , for λ = O(log(p/n))1/2, then sign

consistent.
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Non Paranormal Distribution

Rank based methods

Rank based Neighborhood Dantzig Selector

I β̂s.nd
k = arg minβ∈Rp−1 ||β||l1 s.t. ||R̂ s

(k)β − r̂ s(k)||l∞ ≤ λ

I θ̂s.ndkk = ((β̂s.nd
k )T R̂ s

(k)β
s.nd
k − 2(β̂s.nd

k )T r̂ s.nd(k) + 1)−1

I θ̂s.nd(k) = −θ̂s.ndkk β̂s.nd
k

I Θ̂s
nd = (θ̂s.nd(k) )p×p symmetrize it:

Θ̆s
nd = arg minΘ ||Θ− Θ̂s

nd ||1
I ||Θ̆s

nd −Θ∗||l1 = OP

(
d
√

log p
n

)
I Extension to adaptive lasso and consistency.
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Non Paranormal Distribution

Rank based methods

Proof

||Θ̆s
nd −Θ∗||1 ≤ ||Θ̆s

nd − Θ̂s
nd ||+ ||Θ̂s

nd −Θ∗||1 ≤ 2||Θ̂nd −Θ∗||1

||R̂ s − Σ∗||max ≤
b

M
λ (under this probability event)

|Θ̂s.nd
kk −Θ∗kk | ≤ C1(λ)

||θ̂s.nd(k) − θ∗(k)||1 ≤ C2(λ)
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Non Paranormal Distribution

Rank based methods

Rank Based CLIME

I Θ̂s
c = arg min ||Θ||1 s.t. ||R̂ sΘ− I ||max ≤ λ

I M = ||Θ∗||1. For nλ ≥ 12πM , with high probability
||Θ̂s

c −Θ∗||max ≤ 2Mλ.

I n >> d2 log p and λ = O(
√

( logp
n

),

||Θ̂s
c −Θ∗||max = OP(

√
( logp

n
)

I Rates for other norms similar to original paper.

I Adaptive CLIME: Θ̂s
ac = arg min ||WoΘ||1, s.t.

||R̂ sΘ− I ||max ≤ λW

I Sign consistency of adaptive version.
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Non Paranormal Distribution

Rank based methods

Rank based Neighborhood Lasso

I minβ∈Rp−1 βT R̂ s
(k)β − 2βT r̂ s(k) + λ||β||l1

I R̂s could be negative definite, although R̂ ∈ S++

I A =

 1 0.7 0
0.7 1 0.7
0 0.7 1

 Eigenvalues: {1.99,1.00,0.01}.

But 2 sin(π/6A) has Eigenvalues {2.01, 1.00, -0.01}.
I The objective function becomes ill defined.

I Other methods above are not affected by this.

I Possible to correct R̂s but not implemented.
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Non Paranormal Distribution

Inverse Transform

Transform function estimation

I Not needed, but just for theoretical interests.

I Winsorize: Tδn(x) =


δn if x < δn,
x if δn ≤ x ≤ 1− δn,
1− δn if x > 1− δn

I F̃j(t) = 1
n

∑n
i=1 I (x

i
j ≤ t)

I f̃j(x) = Φ−1(T1/(2n)(F̃j(x)))

I In := [f −1(−
√

7
4
(1− γ) log n), f −1(

√
7
4
(1− γ) log n)]

I supt∈In |f̃j(t)− fj(t)| = oP(1)
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Non Paranormal Distribution

Numerical results

Numerical Experiments
Summary:

I Non Gaussian data without outliers: npn-ns ≈ npn ≈
npn-sp ≈ npn-tau >> normal

I Non Gaussian data with lower level of outliers: npn-tau ≈
npn-sp > npn > npn-ns >> normal

I Non Gaussian data with higher level of outliers: npn-tau
> npn-sp >> npn > npn-ns >> normal

I Gaussian data without outliers: normal ≈ npn-ns ≈ npn
> npn-sp ≈ npn-tau

I Gaussian data with low level of outliers: npn-tau ≈
npn-sp > npn > npn-ns >> normal

I Gaussian data with higher level of outliers: npn-tau >
npn-sp > npn > npn-ns > normal.
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Non Paranormal Distribution

Old proofs

Connection of Rank Correlations
I sign(ξ) = 1

π

∫∞
−∞

e itξ

it
dt

I (x1, y1), · · · , (xn, yn) from iid N2(µ,Σ). cor(x,y)=ρ.

Let, t = sign(u)sign(v), where u = x1 − x2, v = y1 − y2 then,

E (t) =

∫ ∞
−∞

∫ ∞
−∞

sign(u)sign(v)dF (as u,v are Gaussian)

=
1

π2

∫ ∞
−∞

dt1

it1

∫ ∞
−∞

dt2

it2
{
∫ ∞
−∞

∫ ∞
−∞

e iut1+ivt2dF}

=
1

π2

∫ ∞
−∞

∫ ∞
−∞

dt1

it1

dt2

it2
exp(−1

2
(t2

1 + 2ρt1t2 + t2
2 ))

δE (t)

δρ
=

1

π2

∫ ∞
−∞

∫ ∞
−∞

dt1dt2exp(−1

2
(t2

1 + 2ρt1t2 + t2
2 ))



21/22

High Dimensional Non Paranormal Graphical Models

Non Paranormal Distribution

Old proofs

Cont’d

δE (t)

δρ
=

2

π
√

1− ρ2

E (t) =
2

π
sin−1 ρ

E (r s) =
3

(n + 1)
E (τjk) +

3(n − 2)

n + 1
Ujk

=
3

(n + 1)

2

π
sin−1 ρ +

3(n − 2)

n + 1

2

π
sin−1(ρ/2)

=
6

π
sin−1(

ρ

2
)
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Thank you

Thank you
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