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ABSTRACT
In many recommendation se�ings, the candidate items for recom-
mendation are associated with a maximum capacity, i.e., number
of seats in a Point-of-Interest (POI) or number of item copies in
the inventory. However, despite the prevalence of the capacity
constraint in the recommendation process, the existing recommen-
dation methods are not designed to optimize for respecting such a
constraint. Towards closing this gap, we propose Recommendation
with Capacity Constraints – a framework that optimizes for both rec-
ommendation accuracy and expected item usage that respects the
capacity constraints. We show how to apply our method to three
state-of-the-art latent factor recommendation models: probabilistic
matrix factorization (PMF), bayesian personalized ranking (BPR)
for item recommendation, and geographical matrix factorization
(GeoMF) for POI recommendation. Our experiments indicate that
our framework is e�ective for providing good recommendations
while taking the limited resources into consideration. Interestingly,
our methods are shown in some cases to further improve the top-N
recommendation quality of the respective unconstrained models.

1 INTRODUCTION
Consider what would happen if a Point-of-Interest (POI) recom-
mendation system suggests to a large number of users to visit the
same POI, e.g. the same a�raction in a theme park, or the same
co�ee shop; or what would be the e�ect of an item recommendation
system recommending the same products (e.g. movies, jackets) to
the vast majority of customers. It is easy to imagine that in the
�rst case the recommended POI might get overcrowded, resulting
in long queues, thus high waiting times. In the second case, the
customers might view an ‘out of stock’ or ‘server overload’ message.
In either scenario, the user experience will be deteriorated.

�e above scenarios, although seemingly di�erent, share the
following key property: every item candidate for recommendation
is associated with a maximum capacity – for a POI it could be the
number of visitors allowed at the same time or the number of seats
or tables; for a product it could be the maximum number of copies
that can be purchased/consumed simultaneously.

As recommendation systems become more prevalent and touch
more aspects of everyday life, there is an increase in potential appli-
cations that require providing recommendations while respecting
the capacity constraints for the items. A few interesting examples

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for pro�t or commercial advantage and that copies bear this notice and the full citation
on the �rst page. Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permi�ed. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior speci�c permission and/or a
fee. Request permissions from permissions@acm.org.
CIKM’17, November 6–10, 2017, Singapore.
© 2017 ACM. ISBN 978-1-4503-4918-5/17/11. . .$15.00
DOI: h�ps://doi.org/10.1145/3132847.3133034

that can be expressed in this se�ing are: (1) book recommendation
systems employed by libraries, where the books recommended to
the borrowers should be on the shelf, (2) route recommendation sys-
tems, which aim to suggest the best road for driving while keeping
the roads from ge�ing congested, (3) class recommendation systems
employed by universities, where every recommended class can ac-
cept a limited number of students, (4) viral content recommenders,
which serve personalized content in rush watching periods such as
Prime Time or the Oscars, and many more.

To the best of our knowledge, none of the state-of-the-art rec-
ommendation approaches for item and POI recommendation is
designed to respect the capacity constraints. Instead, they are o�en
designed to optimize for rating prediction [32, 34] or personalized
ranking accuracy [7, 30, 35], or other metrics such as serendipity
[10], novelty [14], and diversity [15].

We propose a novel approach that both optimizes for recom-
mendation accuracy, measured suitably by rating prediction or
personalized ranking losses, and penalizes excessive usage of items
that surpasses the corresponding capacities. We show how to apply
our approach to three state-of-the-art latent factor recommender
models: probabilistic matrix factorization (PMF) [32], geographical
matrix factorization (GeoMF) [24], and bayesian personalized rank-
ing (BPR) [30]. We introduce the concepts of user propensity (i.e.,
the probability to follow the recommendations) and item capacity.
Both concepts are key factors for estimating the extent to which
the expected usage of the items exceeds the capacities.

Our experimental results in real-world recommendation datasets
show that our formulation (i) is suitable for di�erent choices of
propensities, capacities, and surrogate loss for the capacity objec-
tive, and (ii) allows for recommendations which respect the capacity
constraints, while the recommendation quality is not deteriorated
by a lot; in fact, in some cases our methods outperform the state-
of-the-art in top-N recommendation quality.

Our contributions are four-fold: (1) We formulate the problem
of providing recommendations with capacity constraints, and we
extend the state-of-the-art in item and POI latent-factor recommen-
dation, to respect the item capacities. (2) We introduce the concept
of user propensity to follow the recommendation. (3) We propose a
set of strategies for estimating item capacities and user propensi-
ties from data with no such information. (4) We show that adding
the capacity loss to the recommendation objective can sometimes
further improve the top-N recommendation quality, indicating the
promise of our approach.

�e rest of the paper is organized as follows. We review related
work in Section 2. In Section 3 we introduce the concepts of user
propensities and item capacities. In Section 4 we devise our methods
for recommendation with capacity constraints. We empirically
evaluate our method in Section 5, and conclude in Section 6.

Notation. Let N be the total number of items, and M the total
number of users. Every user is denoted by an index i = 1, . . . ,M



and every item by j = 1, . . . ,N . Assume that user i has rated a
subset of the N items, denoted by Li , and every item has been
rated by the set of users Ra(j).

2 RELATEDWORK
Recommendation Models. Matrix factorization (MF) based ap-
proaches have become very popular in recommendation systems
[18] both for implicit [13, 16] and explicit feedback [32]. �ey pre-
dict a user’s rating on an item on the basis of low dimensional latent
factors, by optimizing square loss [32, 34] or ranking inspired losses
[7, 30, 35]. MF approaches have also been employed in the rapidly
grown area of POI recommendation where geo-location is used to
further improve recommendation performance [9, 21, 23, 24] – we
refer the reader to [39] for a survey of the topic.
Multi Objective Optimization (MOO). Given that we want to
maximize for recommendation performance, while the expected
usage should respect the capacity constraints, it is natural that our
solution would require optimizing multiple objectives. MOO has
been very e�ective for various business motivated purposes, i.e.,
optimizing for multiple types of feedback [37], for click shaping
[4], for homepage relevance [2]. Also, MOO has been employed in
recommendation systems for optimizing several criteria [1, 19, 31],
such as various ranking metrics [36], diversity [15], novelty [14],
time spent along with click-through-rate [5], and more.
Resource constraints. Although we could not trace literature
handling the problem of recommendation with capacity constraints,
there have been works using the notion of constrained resources or
budget [12]. In what follows, we present how each of these se�ings
presents unique challenges, and di�ers from our problem.1

Email Volume. One related constraint which has been recently
explored by Gupta et al., and posed as a MOO [11], is deciding which
emails to send so to minimize the total number of emails, while the
number of downstream sessions is maximized, and the number of
spam reporting and unsubscribe actions is minimized. While email
volume can be seen as a capacity constraint, our work is rather
di�erent: In our se�ing, the end goal is to provide personalized
recommendations which respect the capacity constraints, whereas
in [11] a non-personalized email allocation scheme is proposed.

Budget. �e problems of sponsored search [6], advertisement
display [20, 27], auction [22, 38] etc., are naturally associated with
the notion of a budget. For instance, for ad displays, the algorithm
decides which ads to show so that the number of clicks or revenue
is maximized, while the advertisers stay in their speci�ed budget.
Typically, such problems have been formulated using online match-
ing [27], or bandits [22, 38]. Our se�ing departs from the above
problem in a number of ways: (i) Items have a budget, instead of
users having a budget. (ii) We collaboratively allocate items to
users in a uni�ed way; in contrast, usually, ad serving systems have
separate entities for ad bidding and for serving personalized ads to
users.

Course Requirements. In [29] the authors propose novel methods
for set recommendations of courses, so that the courses recom-
mended to a student satisfy the speci�ed degree requirements. In
our work, instead of focusing on constraints within the list of items,

1An interesting future direction is to treat these quite di�erent problems under a
uni�ed framework, such as welfare maximization.

we focus on satisfying the capacity constraint coupling recommen-
dation lists across users as a whole.

�antity constraints. Zhang et al. proposed to boost the Pareto
e�ciency of web allocations [41]. While they also provide per-
sonalized allocations modeling the web economy as a whole, their
focus is rather di�erent from ours; they maximize each user’s in-
dividual surplus, while we focus on maximizing recommendation
performance, as typically captured in recommender systems. Also,
they require the product prices as input, which is not applicable
in our case. Our work is the �rst to introduce the novel aspect
of the tendency of users to follow the system’s recommendations,
giving di�erent weights to the various users when estimating item
usage, and to provide personalized allocations that also account for
geographical in�uence.

Also, work on queuing theory models [17] is related, if we view
our problem of respecting the capacity constraints as minimizing
the waiting time of users in queues.

3 KEY CONCEPTS & PRELIMINARIES
Item Capacities. Every item j = 1, . . . ,N is characterized by
a parameter indicating the maximum number of users who can
simultaneously use it. We refer to this variable as capacity and
denote it with c j > 0, resulting in a vector of capacities c ∈ RN+ for
all N items. For POI recommendation, a POI’s capacity could be
the total number of seats, or number of visitors allowed per time
slot. For general item recommendation, an item’s capacity could
be the maximum number of users that can watch the same movie
online without leading to a system crash, or the maximum number
of copies of the same item in the inventory.

Capacity is key for recommendation systems, as when many
users are directed to the same item, the item will quickly reach its
capacity. �is will in turn lead to deteriorated user experience, such
as long waiting times or out of stock items. �is motivates the need
for a recommendation system that respects the items’ capacities.

User Propensities. Every user i is associated with a variable,
indicating the probability that he will follow the system’s recom-
mendations. We refer to this variable as user propensity and denote
it with pi ∈ [0, 1], resulting in a vector of propensities p ∈ RM for
all M users. �ere are many ways propensities can be modeled; one
possible de�nition is:

pi =
# times user i followed the recommendation

# user i-system interactions ,

which uses feedback of the form user follows/ignores the recom-
mendation. Alternative de�nitions are explored in Section 5.1.

Propensity to follow the recommendations can be an inherent
user property: some users tend to listen to the system’s recom-
mendations more, compared to others. However, the same user’s
propensity might vary with time, e.g. the user might go to a cer-
tain place for lunch every day at 2pm, so no ma�er how good the
restaurant recommendation is, he will not listen (low propensity);
in contrast, he might be experimental during his dinner time (high
propensity). Also, factors such as who the user is with or quality
of experience with the system can a�ect the user’s propensity. For
such cases we plan to include dynamic propensity estimation in the
future. We argue that user propensity, which has connections to



the themes of [25, 33], is a key factor for recommendation systems.
�ough we use it to compute the expected usage of items, one can
also use it to e.g. target the users with low/high propensities.

Here, we brie�y review the methods of PMF [32], BPR [30], and
GeoMF [24], as we will use them as underlying models for person-
alized recommendation in Section 4.
PMF. Let U ∈ Rk×M be the latent factor corresponding to the
users, where the ith column ui ∈ Rk is the latent factor for user i .
Similarly, let V ∈ Rk×N be the latent factor for the items, where
the jth column vj ∈ Rk is the latent factor for item j. �en, PMF
models the predicted rating of user i on item j as r̂i j = uTi vj , so
that the overall score matrix R ∈ RM×N is of rank k � M,N , and
thus can be approximated by UTV . �e objective of PMF [32] is

EPMF(U ,V ) =
M∑
i=1

∑
j ∈Li
(ri j − uTi vj )

2 + λ(‖U ‖2F + ‖V ‖
2
F ),

where the second term is a L-2 regularization term to prevent over-
��ing in the training data, with λ denoting the regularization pa-
rameter and ‖ · ‖F the Frobenius norm.
BPR. BPR [30] focuses on correctly ranking item pairs instead of
scoring single items. Let Li,+,Li,− denote the set of positively (+1)
and negatively rated (-1) items by user i respectively. Maximizing
the posterior distribution that a user will prefer the positive items
over the negative ones, the MF-based BPR objective is:

EBPR(U ,V ) =
M∑
i=1

∑
k ∈Li,+

∑
j ∈Li,−

log(1 + exp(−uTi (vk − vj )))

+ λ(‖U ‖2F + ‖V ‖
2
F .

GeoMF. In POI recommendation, the rating matrix R contains
the check-in data of M users on N POIs. Because of the natural
characterization of POIs in terms of their geographical location
(latitude and longitude) and the spatial clustering in human mobility
pa�erns, recommendations can be further improved [39]. �is
insight has led to the development of GeoMF [24] which jointly
models the geographical and MF component. �e key idea behind
GeoMF, and the related works of [23, 39], is that if a user i has visited
a POI j but has not visited the nearby POIs, these nearby POIs are
more likely to be disliked by this user compared to far-away non-
visited POIs. GeoMF represents the users and items not only by their
latent factors U ,V , but also by the activity and in�uence vectors
X ,Y respectively. By spli�ing the entire world into L even grids,
GeoMF models a user i’s activity area as a vector xi ∈ RL , where
every entry xi` of the vector denotes the possibility that this user
will appear in the `-th grid. Similarly, the model represents every
POI by a vector yj ∈ RL , referred to as in�uence vector, where
every entry yj` indicates the quantity of in�uence POI j has on the
`-th grid. While the activity area vector xi of every user i is latent,
the in�uence vectors yj for every POI j are given as input to the
model and are pre-computed using kernel density estimation [40]
as follows. �e degree of the in�uence POI j has on the `-th grid is
computed as yj` = 1

σ K(
d (j, `)
σ ) where K is the standard Gaussian

distribution, σ is the standard deviation and d(j, `) is the Euclidean
distance between the POI j and the `-th grid. Although in [24] the
activity area vectors are constrained to be non-negative and sparse,

in our work we do not make such an assumption. Concretely, GeoMF
predicts user i’s rating on POI j as r̂i j = uTi vj + x

T
i yj . GeoMF uses

the point-wise square loss of PMF; however, we can also replace this
with the BPR loss, giving rise to a method we refer to as GeoBPR.

4 RECOMMENDATIONWITH CAPACITY
CONSTRAINTS

While PMF, GeoMF, BPR and GeoBPR focus on accurately predicting
the best items to be recommended to every user, they do not con-
sider any capacity constraints that might be associated with the
items. However, for POI (e.g. theme parks a�ractions or co�ee
shops) recommendation, if the system recommends POIs overlap-
ping across the majority of users, the users who follow the rec-
ommendation might have to wait in long queues, although there
might be perfectly good POIs empty just around the corner. �is
scenario and more (e.g. viral video recommendation, limited shelf
on a virtual store, road congestion) can bene�t from a system that
gives recommendations while respecting the capacity constraints.

Our goal is that we want good recommendation accuracy, while
the items’ estimated usage does not exceed the respective capacities.
To achieve this, we discuss two alternative approaches.

4.1 Approach 1: Post-Processing
�e �rst simple method we discuss is referred to as post-process.
�is method takes as input the predicted scores r̂i j for every user -
item (i, j) pair. Although we use the scores provided by either of the
discussed models of PMF, BPR, GeoMF, GeoBPR, any recommendation
model can be used in place. �e idea of this approach is that for
every item j with capacity c j , we �nd the c j users with the top
predicted scores, i.e., who are the users who want item j the most,
up until it reaches its capacity? To provide top-N recommendations
per user, keeping track of which users are allocated to which items,
we sort the assigned items based on the predicted scores in de-
scending order. Note that by construction, this approach achieves
recommendations that respect the capacity constraints.

Algorithm 1 post-process

Require: ∀j c j , ∀(i, j) r̂i j from unconstrained method
1: For every item j, (i) rank users based on r̂i j , (ii) recommend

item j only to top c j users.
2: For every user i , rank the assigned items from Step 1, based on

r̂i j , and return top-N recommendation list.

4.2 Approach 2: Proposed Framework
�e second approach we introduce is formalizing the problem of rec-
ommendation with capacity constraints as a weighted sum between
two objectives: (i) we want to both optimize for recommendation
accuracy, while (ii) penalizing when the items’ expected usage ex-
ceeds the respective capacities. To balance the two objectives we
use a trade-o� parameter α ∈ [0, 1]. We will refer to our proposed
approaches under this framework as weighted objectives.
Personalized Scoring. To provide personalized recommendations,
we follow the representation used by PMF/BPR for item recommen-
dation, and the one used by GeoMF/GeoBPR in POI recommendation.



Speci�cally, the predicted score of user i on item j is:

r̂i j =

{
uTi vj for item recommendation

uTi vj + x
T
i yj for POI recommendation

(1)

Importantly, any model estimating whether a user i will buy/visit
item/POI j can be used to replace Equation (1), thus leading to a
family of recommendation with capacity constraints algorithms.
Expected Usage. We de�ne the expected usage of an item j as the
expected number of users who have been recommended item j and
will follow the recommendation:

∑M
i=1 pi r̂i j . If r̂i j was either 1 or

0, the
∑M
i=1 r̂i j term would indicate the total number of users who

have been recommended item j. For ease of optimization, we do
not threshold r̂i j to be either 0 or 1. Instead, we constrain r̂i j in the
range of [0, 1] by using the sigmoid function, σ (·) = 1

1+exp(−(·)) :

E[usage(j)] =
M∑
i=1

piσ (r̂i j ) , (2)

which is the weighted combination of the estimated ratings for the
users, using as weights the corresponding user propensities.
Capacity Loss. Since we wish to penalize the model for giving
recommendations which result in the expected usage of the items
exceeding the corresponding capacities, we want to minimize the
average capacity loss, given by:

1
N

N∑
j=1

1[c j ≤ E[usage(j)]] . (3)

Given that the use of the indicator function 1[·] is not suitable for
optimization purposes, we will use a surrogate for the indicator
function. Considering the di�erence

∆(c j ,E[usage(j)]) = c j − E[usage(j)], (4)
we use the logistic loss of the di�erence as the surrogate:
`(∆(c j ,E[usage(j)])) = log(1 + exp(−∆(c j ,E[usage(j)])) , (5)

noting that it forms a convex upper bound to the indicator function.
Alternative surrogate losses to consider are:

`(∆(c j ,E[usage(j)])) =
{

exp(−∆) (Exponential loss)
max(−∆, 0) (Hinge Loss) (6)

Although the square loss (−∆)2 is a convex surrogate of the indica-
tor as well, it is not a suitable surrogate for the capacity loss, as it
penalizes both positive and negative di�erences, whereas we want
to penalize only when the expected usage exceeds the capacity.
Overall Objective. Depending on which loss to minimize in
order to capture recommendation quality, i.e., rating prediction
loss or pairwise ranking loss, we devise the following four meth-
ods: Cap-PMF, Cap-BPR for item recommendation, and Cap-GeoMF,
Cap-GeoBPR for POI recommendation.

Pu�ing everything together, using the logistic loss as the surro-
gate loss, our method minimizes the following objective for item
recommendation (Cap-PMF):

Ecap-PMF(U ,V ) = (1 − α) ·
M∑
i=1

∑
j ∈Li
(ri j − uTi vj )

2 (7)

+ α · 1
N

N∑
j=1

log
(
1 + exp

( M∑
i=1

piσ (uTi vj ) − c j

))
+ λ(‖U ‖2F + ‖V ‖

2
F ) ,

while for POI recommendation our method Cap-GeoMF minimizes:

Ecap-GeoMF(U ,V ,X ) = (1 − α) ·
M∑
i=1

∑
j ∈Li
(ri j − uTi vj − x

T
i yj )

2, (8)

+ α · 1
N

N∑
j=1

log
(
1 + exp

( M∑
i=1

pi (σ (uTi vj + x
T
i yj )) − c j

))
+ λ(‖U ‖2F + ‖V ‖

2
F + ‖X ‖

2
F ) .

In the above formulation, α is a �xed, user-chosen parameter in
[0, 1] that handles the trade-o� between the prediction loss and
the capacity loss. When α is equal to 0, our model reduces to PMF
(or GeoMF). When α is 1, we are not interested in good prediction
accuracy – our only concern is to ensure that every item’s expected
usage will not exceed its �xed capacity.

If we replace the �rst objective in (7) (or (8)) with the one of BPR
to optimize for ranking accuracy, we obtain Cap-BPR (or Cap-GeoBPR).
For Cap-BPR we optimize for:

Ecap-BPR(U ,V ) = (1 − α) ·
M∑
i=1

∑
k ∈Li,+

∑
j ∈Li,−

log(1 + exp(−uTi (vk − vj )))

(9)

+ α · 1
N

N∑
j=1

log
(
1 + exp

( M∑
i=1

piσ (uTi vj ) − c j

))
+ λ(‖U ‖2F + ‖V ‖

2
F ) ,

Learning the model. Following, due to space constraints, we
give the gradient updates only for Cap-PMF and Cap-GeoMF. �e
optimization for (7) or (8) is done by alternating minimization.
�e latent factor updates are done using gradient descent, and for
iteration t + 1 they are:

∀i = 1, . . . ,M, ut+1
i ← uti − η∇ui EcapMF(U

t ,V t ,X t )
∀j = 1, . . . ,N , vt+1

j ← vtj − η∇vj EcapMF(U
t+1,V t ,X t )

∀i = 1, . . . ,M, xt+1
i ← xti − η∇xi Ecap-GeoMF(U

t+1,V t+1,X t )

where the last gradient update is valid only for Cap-GeoMF. We
denote with ECapMF either ECap-GeoMF or ECap-PMF. �e gradients
can be obtained by a direct application of the chain rule. From
Equations (1), (2), (4) and (5), we get the gradients

∇∆`(∆(c j ,E[usage(j)])) = −σ (−∆(c j ,E[usage(j)])) (10)
∇ui∆(c j ,E[usage(j)]) = −pivjσ (r̂i j )σ (−r̂i j ) (11)

∇vj∆(c j ,E[usage(j)]) = −
∑
i
piuiσ (r̂i j )σ (−r̂i j ) (12)

∇xi∆(c j ,E[usage(j)]) = −piyjσ (r̂i j )σ (−r̂i j ) , (13)

where for (11), (12), (13) we used the property∇xσ (x) = σ (x)·σ (−x).
Using (10)-(13), we obtain the gradient of the latent parameters as
follows. �e gradient of the objective, w.r.t ui is

∇ui EcapMF = −(1 − α)
∑
j ∈Li

2(ri j − uTi vj )vj + 2λui+

+
α

N

N∑
j=1

σ (−∆(c j ,E[usage(j)])) · pivjσ (r̂i j )σ (−r̂i j ) .



Similarly, the gradient of the objective, w.r.t vj is

∇vj EcapMF = −(1 − α)
∑

i ∈Ra(j)
2(ri j − uTi vj )ui + 2λvj+

+
α

N
σ (−∆(c j ,E[usage(j)])) ·

M∑
i=1

piuiσ (r̂i j )σ (−r̂i j ) .

For cap-GeoMF, the gradient of the objective, w.r.t xi is

∇xi Ecap-GeoMF = −(1 − α)
∑
j ∈Li

2(ri j − uTi vj − x
T
i yj )yj

+ 2λxi +
α

N

N∑
j=1

σ (−∆(c j ,E[usage(j)])) · piyjσ (r̂i j )σ (−r̂i j ) .

We have demonstrated here our method in the batch se�ing. In
the future, we will consider the online or bandit se�ing [3, 26].

5 EXPERIMENTAL RESULTS
We present empirical results to address the following questions:

(1) What is the interplay of rating prediction and capacity
loss for Cap-PMF, Cap-GeoMF as we vary the trade-o� α
(Section 5.2.1)? Similarly for pairwise ranking loss versus
capacity loss for Cap-BPR, Cap-GeoBPR (Section 5.2.2)?

(2) How do the proposed approaches Cap-PMF, Cap-GeoMF,
Cap-BPR, Cap-GeoBPR compare with their state-of-the-art
unconstrained counterparts? (Section 5.3, Section 5.4)

(3) How do post-process and weighted objectives solutions com-
pare in terms of top-N recommendation? (Section 5.4)

(4) How robust is our framework to di�erent choices, i.e.,
surrogate loss for capacity loss (Section 5.5.1), propensity
choices (Section 5.5.2), capacity choices (Section 5.5.3), im-
plicit vs. explicit data (Section 5.5.4)?

5.1 Experimental Setting
Data. For item recommendation, we considered two public real-
world datasets containing users’ ratings on movies: Movielens 100K
and Movielens 1M2. For POI recommendation, we used two public
real-world datasets containing user check-ins in POIs: Gowalla and
Foursquare3. For the Foursquare and Gowalla datasets, we removed
the users and POIs with less than or equal to 10 ratings. �e users,
items and ratings statistics of the data are found in Table 1.

Foursquare and Gowalla contain implicit check-in data (only
ratings of 1 and 0 are present). A rating of 1 denotes that the user
has visited the POI while a 0 denotes that the user has not visited it;
because the user potentially does not like the POI or does not know
about it. Movielens 100K and Movielens 1M contain ratings in a
multi-relevance scale of 1 to 5 stars. We experimented with two
feedback setups for the Movielens datasets: (i) two-scale explicit
feedback (+1, -1), using 4 as the threshold of liking, and (ii) implicit
feedback, marking every non-zero rating as a 1, and keeping the
rest as 0.
Evaluation Setup. We repeated all experiments �ve times by
drawing new train/test splits in each round. We randomly selected
half of the ratings for each user in the training set and moved the
2h�p://www.grouplens.org
3h�p://www.ntu.edu.sg/home/gaocong/data /poidata.zip

Dataset # Users # Items # Ratings
Movielens 100K 943 1,682 100,000
Movielens 1M 6,040 3,706 1,000,209
Foursquare 2,025 2,759 85,988
Gowalla 7,104 8,707 195,722

Table 1: Dataset Statistics

rest of the observations to the test set. �is scheme was chosen to
simulate the real recommendation setup, where there exist users
with a few ratings as well as users with many ratings.

For the implicit feedback datasets, as only positive observations
are available, we introduced negative observations (disliked items)
in the training set as follows. For every user with N train

i positive
observations (+1), we sampledN train

i items as negatives (-1) from the
set of items marked as 0 both for train and test data. �is is common
practice to avoid skewed predictions resulting from training on only
positive observations, and to reduce the computational overhead of
having all unrated items as negative observations. (Several negative
sampling strategies are discussed in [28].)
Capacities & Propensities. �e solution to the recommendation
with capacity constraints problem relies on the availability of (i)
users’ propensities (how likely they are to follow the recommenda-
tions), and (ii) item/POI capacities (how many people are allowed
to simultaneously use/occupy an item/place). As the information
of capacities and propensities is not given in the considered data,
and to the best of our knowledge to any of the publicly available
recommendation datasets, we considered di�erent simple ways of
estimating them based on usage data.

For capacities, we analyzed the three exhaustive cases: (i) ca-
pacities analogous to usage, i.e., such a se�ing is inspired by the
supply-demand law: the more users ask for an item, the more copies
of the item will be in the market, (ii) capacities inversely propor-
tional to usage, i.e., capturing when items with low capacities are
o�en in high demand, and (iii) irrespective of usage. In particular,
we instantiated the above concepts with the following:
(1)‘actual’: ∀j, c j = # users who have rated item j.4
(2)‘binning’: Transform actual capacities to the bins: [0, 20] → 5,
[21, 100] → 50, [101,max capacity] → 150.
(3)‘uniform-k’: Set all item capacities to a value k , e.g. 10.
(4)‘linear max’: Spread the items’ capacities in [0, maximum actual
capacity] using a linear function.
(5)‘linear mean’. Same as ‘linear max’, but spread in the range [0,
2*mean of actual capacities].
(6)‘reverse binning’: Map the actual capacities to the following bins
: [0, 20] → 150, [21, 100] → 50, [101,max capacity] → 5.
Note that (1) -(2) are analogous to usage, (3) - (5) are irrespective of
usage and (6) is inversely proportional to usage.

Figures 1(a), (b) show all items’ capacity scores sorted decreas-
ingly for various capacity choices, for the POI datasets.

For user propensities, we considered the following cases: (i) user
propensities are analogous to system usage by the user , and (ii) user
propensities are irrespective of usage (i.e., capturing that propen-
sity is an inherent user property). In particular, we considered:
(1) ‘actual’: pi = # observed ratings for user i

Total # items =
|Li |
N where | · | denotes

a set’s cardinality.5

4An alternative would be # users who have liked the item in explicit data.
5An alternative could be: pi = # liked items for user i

# observed ratings for user i =
|L+i |
|Li |

.



(a) Foursquare, capacities (b) Gowalla, capacities (c) Foursquare, propensities (d) Gowalla, propensities

Figure 1: (a) - (b) Item capacities, (c) - (d) User Propensities, sorted in decreasing order.

(2) ‘median’: Set propensities ≥ the median of the actual propensi-
ties to 0.45, and propensities < median to 0.01. �is illustrates two
distinct groups of users; those who tend to listen to the system’s
recommendations, and those who do not.
(3) ‘linear’: Spread propensities in [0, 0.6] using a linear function.
Note that (1)-(2) are analogous to user usage, while (3) is irrespec-
tive of usage. Figures 1(c), (d) show users’ propensity scores sorted
decreasingly for the various propensity choices for the POI data.

More intricate capacity and propensity estimation models can
be considered as input to our framework as well.

(a) Foursquare,
lat./long. coordi-
nates

(b) Foursquare,
tile coordinates

(c) Gowalla,
lat./long. coordi-
nates

(d) Gowalla, tile
coordinates

Figure 2: Location information Scatter plots.

Location. �e POI datasets Foursquare and Gowalla contain apart
from the check-in observations, location information about where
every POI lies in terms of geographical latitude and longitude coor-
dinates. In Figures 2(a), (c) we show sca�er plots of the latitudes (x
axis) and longitudes (y axis) for the POIs of the non-subsampled
datasets of Foursquare and Gowalla respectively. Using the Merca-
tor projection, and �xing the ground resolution to level of detail set
to 15, we transformed the latitude/longitude coordinates of every
POI to one of the 215 tiles where the entire Earth can be divided
into6. We show the tiles x-y coordinates of the various POIs for
Foursquare in Figure 2(b) and for Gowalla in Figure 2(d). We set L,
i.e., the dimension of the in�uence vector, to the number of unique
tiles found. For Foursquare L is 290, whereas for Gowalla L is 4320.
Considering the set of all L unique tiles and representing every POI
as a pair of (tileX, tileY) coordinates, we pre-computed the in�uence
matrix Y ∈ RL×N using Kernel Density Estimation [40], following
the procedure brie�y described in Section 3.
Parameter Setting. We stopped the training of the algorithm
either when the improvement in the value of the optimization
objective in the training set was smaller than 10−5 or a�er 3,000
iterations. Similarly to [21], we set the rank of the latent factors k
to 10. We used for the learning rate of gradient descent the Adagrad
rule [8], which for the latent factor of the user i , ui at iteration t

6h�ps://msdn.microso�.com/en-us/library/bb259689.aspx

is: ηt = 1/
√∑t−1

τ=0 ∇2
ui,τ . We �xed the regularization parameter λ

to 10−5. We chose these parameters because we found they were
su�cient for stable model performance. In practice, to further
improve the performance, we can tune the parameters of rank and
regularization in a validation set.
EvaluationMetrics. For theweighted objectives solutions of CapMF,
Cap-(Geo)BPR, we report metrics relevant to the losses they op-
timize, to study the interplay of the two objectives. To compare
methods overall, we use top-N recommendation accuracy as mea-
sured by AP@k. Particularly, we report test-set performance in
terms of:

(1) For Cap-PMF and Cap-GeoMF, we report Root Mean Square
Error (RMSE) which measures test set rating prediction accuracy:

RMSE =

√√√√ 1
M

M∑
i=1

1
|Li, test |

∑
j ∈Li, test

(r̂i j − ri j )2 . (14)

Li, test denotes the set of observed ratings for user i in the test set.
(2) For Cap-BPR and Cap-GeoBPR we report 0/1 Pairwise Loss which
measures the average number of incorrectly ordered pairs (-1 ranked
above +1):

0/1 Pair. Loss = 1
M

M∑
i=1

1
|L−i, test | · |L

+
i, test |

∑
j ∈L−i, test

∑
k ∈L+i, test

1[r̂i j ≥ r̂ik ],

(15)
where L+i, test and L−i, test denote the set of positively and negatively
rated items by user i in the test set respectively.
(3) Capacity Loss, which measures on average the extent to which
the recommendations lead to violating the capacity constraints:

Capacity Loss = 1
N

N∑
j=1
`

(
c j −

M∑
i=1

piσ (r̂i j )
)
. (16)

For metrics (1), (2), (3) values closer to 0 are be�er.
(4) Overall Objective. Given that our methods optimize the two
objectives of rating prediction (CapMF)/ranking (Cap-BPR) loss and
capacity loss, we also report: (1 − α)RMSE2 + αCapacity Loss for
CapMF (or (1−α)0/1 Pairwise Loss+αCapacity Loss for Cap-BPR).
(5) Mean Average Precision @k, for top-k recommendation quality.
AP@k is the average of Precisions computed at each relevant posi-
tion (+1) in the top k items of the user’s ranked list. Precision@k
(P@k) is the fraction of relevant items out of the top k items.

AP@k =
k∑
r=1

P@r · rel(r )
min(k, # relevant items) , (17)



(a) Movielens 100K (b) Movielens 1M (c) Foursquare (d) Gowalla

Figure 3: E�ect of capacity trade-o� parameter α in range {0, 0.2, 0.4, 0.6, 0.8, 1} on CapMF’s performance in test RMSE, Capacity
Loss and Overall Objective. As expected, the higher the α , the higher the RMSE and the lower the Capacity Loss.

(a) Movielens 100K (b) Foursquare (c) Movielens 100K (d) Foursquare

Figure 4: E�ect of capacity trade-o� parameter α in range {0, 0.2, 0.4, 0.6, 0.8, 1} on CapBPR’s performance in test 0/1 Pairwise
Loss, Capacity Loss and Overall Objective. (a), (b): Using ‘Actual’ Capacity de�nition. We observe that the 0/1 Pairwise Loss
does not increasemuch aswe increase α . (See why in Figure 5.) (c), (d): Using ‘Reverse Binning’ Capacity de�nition. We observe
the expected trade-o� between ranking loss and capacity loss.

where rel(r ) is 1 if the item in position r is relevant, and 0 otherwise.
A�er computing Average Precision per user, we average the results
over all users. Values closer to 1 are be�er.
Methods Compared. We compare our methods with the base-
lines of: PMF [32], BPR [30], GeoMF [24], GeoBPR, and onlyCap, i.e.,
the baseline of se�ing α to 1. Also, we compare our proposed
weighted objectives methods with the post-process methods.

5.2 Validation: Interplay between Objectives
In the �rst set of experiments, our goal is to validate that indeed us-
ing the trade-o� parameter α , one can e�ectively trade-o� between
recommendation performance and capacity loss. Recall that for
CapMF (Cap-PMF, Cap-GeoMF), α captures the trade-o� among the
objective of rating prediction for whether a user will purchase (visit)
an item (POI), and the objective of respecting the items’ capacities.
Also, recall that for Cap-BPR, Cap-GeoBPR, α is used to tune the
interplay between 0/1 Pairwise Loss, and Capacity Loss.

We expect that as α approaches 0, the algorithm will have be�er
predictive performance but will be violating more the capacity con-
straints. In contrast, as α approaches 1, we expect the algorithm
to respect more the capacity constraints at the cost of worse pre-
dictive ability. To illustrate this, we vary the trade-o� parameter
in {0, 0.2, 0.4, 0.6, 0.8, 1}. We set the surrogate loss for the capac-
ity objective to the logistic loss, and use the ‘actual’ capacity and
propensity de�nitions.

5.2.1 Rating Prediction vs. Capacity Loss. In Figure 3, we report
the test set metrics of RMSE, Capacity Loss and Overall objective for

all four datasets. �e results show that indeed the more we increase
the trade-o� parameter, the smaller the capacity loss and the higher
the RMSE. �is validates thatα can be used to specify to what extent
the rating prediction accuracy is more/less important compared to
the capacity loss for the considered application domain.

5.2.2 Ranking vs. Capacity Loss. Considering as �rst objective
the pairwise ranking objective, in Figures 4(a), (b), we show the re-
sults of Cap-BPR/Cap-GeoBPR for Movielens 100K and Foursquare,
as we vary the trade-o� parameter in the range of [0, 1]. Interest-
ingly, we observe that while as expected, the capacity loss decreases
with the increase of α , the 0/1 pairwise loss does not change much.
Similar trends hold for the rest of the datasets (not shown). We
found that the reason why this happens is that when the capacities
are analogous to usage (here we used the ‘actual’ capacity de�ni-
tion), even if α is set to 1, i.e., not optimizing at all for ranking
accuracy, the 0/1 pairwise training loss still decreases (Figure 5).
�is shows that when capacities are analogous to usage, the capac-
ity loss is related to the pairwise loss; namely, the capacity loss can
help reconstruct the correct pairwise accuracy given only the item
capacities and user propensities, with no other access to user-item
ratings. �us, the aggregate statistics of ‘actual’ user propensities
and ‘actual’ item capacities act as su�cient statistics.

To see the expected trade-o� between the objectives of capacity
and ranking loss, we report in Figures 4(c), (d) Cap-BPR’s results
for item capacities set inversely proportional to usage, using the
‘reverse binning’ capacity de�nition. Indeed, in this case, the frac-
tion of incorrectly ordered pairs increases with the increase in α .



(a) Movielens 100K (b) Foursquare

Figure 5: Training Pairwise 0/1 Loss of (a) Cap-BPR, (b)
Cap-GeoBPR for ‘actual’ capacities, varying trade-o� α ∈ [0, 1].

5.3 Comparison with Unconstrained Methods
For the next experiments we set α to 0.2, as we found it can lead to
a reasonable trade-o� among the objectives. In practice, α should
be tuned in a validation set, to meet the desired trade-o� of capacity
loss vs. recommendation performance per application domain.

5.3.1 Comparison with PMF/GeoMF in RMSE/Capacity Loss.
Based on Figure 3, considering the le� end of the spectrum for
the value of the trade-o� parameter, i.e., α = 0, we can compare our
algorithm CapMF with the unconstrained methods PMF/GeoMF. We
observe that: (i) For item recommendation, Cap-PMF signi�cantly
improves over PMF’s Capacity Loss performance of 11.29 to 1.65.
�is happens though at the cost of deteriorated performance in
terms of RMSE from .38 to .71. Similar is the trend for Movielens
1M. (ii) For POI recommendation, we observe that for Foursquare,
Cap-GeoMF improves over GeoMF’s Capacity Loss performance of
2.35 to .15, at the cost of RMSE which increases from .66 to .97.
Similar trends hold for Gowalla.

5.3.2 Comparison with BPR/Geo-BPR in Pairwise Loss/Capacity
Loss. From Figures 4(a), (b), we can compare our method Cap-BPR
with BPR and GeoBPR respectively. We see that for Movielens 100K,
Cap-BPR achieves Capacity Loss of 0.08 compared to 4.51 of BPR,
while it results in 0/1 Pairwise Loss of 0.14 compared to 0.12 (higher
values are worse). For Foursquare, Cap-GeoBPR achieves 0.02 Ca-
pacity Loss compared to 0.81 of GeoBPR, and also achieves a be�er
0/1 Pairwise Loss of 0.28 compared to 0.31 (the reason why was ex-
plained in Section 5.2.2). Similar trends hold for the other datasets.

5.3.3 Comparison with onlyCap. Focusing now on the other
end of the spectrum of the trade-o� parameter, i.e., α = 1, we
compare CapMF with onlyCap. We can see from Figure 3(a) that
for Movielens 100K, onlyCap improves Capacity Loss from 1.65 to
.04, but results in RMSE from .71 to 1.43. Also, onlyCap results in
a worse 0/1 pairwise loss of 0.17, compared to 0.14 of Cap-BPR, as
seen from Figure 4(a).

5.3.4 Top-N Recommendations. Here, we evaluate the top-N
recommendation quality using AP@top as our metric, varying top
N in {1, 5, 10}. From Figure 6 we see that for CapMF, and ‘actual’ ca-
pacities and propensities: for (a) Movielens 1M, Cap-PMF has lower
AP compared to PMF, while for (b) Foursquare, Cap-GeoMF achieves
higher AP compared to GeoMF. We observe that as α increases, the
top-N recommendation performance potentially improves, indi-
cating that emphasizing more the capacity loss can further make
the quality of the recommendations be�er. �is aligns with our
�nding that the capacity loss can relate to the pairwise ranking

loss, using the su�cient statistics of capacity and propensity. Also,
as expected, while we increase the top, AP@top decreases.

(a) Movielens 1M (b) Foursquare

Figure 6: Average Precision (AP)@{1, 5, 10} of CapMF.

5.4 Comparison between Proposed Approaches
In this set of experiments, we compare our weighted objective meth-
ods (Section 4.2) with the post-process methods (Section 4.1). Recall
that the post-process methods, by design, do not violate the capacity
constraints. For the purposes of the novel se�ing of recommenda-
tion with capacity constraints, we propose a new metric:

Weighted AP @ top (WAP@top) =
∑M
i=1 piAPi@top∑M

i=1 pi
, (18)

where APi is user i’s Average Precision. WAP@top measures top-
N recommendation quality taking into account the users’ propen-
sities, by using propensities as weights in the weighted average
of users’ average precisions. We report in Table 2 the comparison
of the post-process methods, using the best performing tuned α ,
with our proposed weighted objectives methods, and the respective
unconstrained methods. For this experiment, we use Foursquare
and explicit Movielens 100K, and consider as underlying models
GeoMF/GeoBPR and PMF/BPR respectively.

Based on Table 2, we make the following overall observations:
• For square loss, when capacities are proportional to usage (‘ac-

tual’, ‘binning’), Cap-PMF outperforms PostMF, and even more
interestingly outperforms PMF for top = 50. However, when the
capacities are inversely proportional to usage, or are uniform,
our proposed weighted objectives solution outperforms PostMF,
but cannot outperform the unconstrained method. We can also
see that for any choice of capacity, for geographically-aware
methods, Cap-GeoMF outperforms both Post-GeoMF and GeoMF.

• For ranking loss, when capacities are proportional to usage, sim-
ilar to square loss, Cap-BPR outperforms post-process, and can
even outperform BPR. When capacities are uniform, Cap-BPR
outperforms Post-BPR, and for item recommendation can even
improve upon the unconstrained method. In contrast, for capaci-
ties inversely proportional to usage, Cap-BPR, Cap-GeoBPR tends
to be outperformed by the other methods.
Similar trends can be observed for non-weighted average pre-

cision, and for the other datasets, as well. Overall, these results
highlight that our weighted objectives methods largely outperform
the post-process solution.

We can also draw the further conclusion that out of the alter-
native de�nitions considered for capacity, the de�nitions which
are analogous to usage, namely ‘actual’ and ‘binning’, are the ones
which lead to the best top-N recommendation results. In particular,



Square Loss Pairwise Ranking Loss
Capacity Def. WAP@10 WAP@50 WAP@10 WAP@50

MF PostMF CapMF MF PostMF CapMF BPR PostBPR Cap-BPR BPR PostBPR Cap-BPR

M
L

10
0K

Actual 0.152 0.153* 0.138 0.086 0.087 0.127* 0.115 0.117 0.209* 0.069 0.07 0.126*
Binning 0.152 0.15* 0.136 0.086 0.077 0.086* 0.115 0.112 0.209* 0.069 0.064 0.136*
Reverse 0.152 0.045 0.072* 0.086 0.013 0.031* 0.115 0.04* 0.02 0.069 0.012* 0.01
Uniform 0.152 0.055 0.135* 0.086 0.014 0.062* 0.115 0.055 0.137* 0.069 0.013 0.078*

Fo
ur

sq
ua

re Actual 0.016 0.016 0.041* 0.011 0.011 0.027* 0.056 0.049 0.084* 0.033 0.023 0.048*
Binning 0.016 0.016 0.023* 0.011 0.009 0.014* 0.056 0.04 0.084* 0.033 0.017 0.047*
Reverse 0.016 0.011 0.039* 0.011 0.005 0.015* 0.056 0.016* 0.013 0.033 0.005 0.007*
Uniform 0.016 0.011 0.047* 0.011 0.004 0.024* 0.056 0.016 0.039* 0.033 0.005 0.023*

Table 2: Comparison of weighted objectives methods (denoted with Cap-) with post-process methods (denoted with Post), in
terms of Weighted Average Precision@top, top = {10, 50}, for various capacity settings. Bold letters denote the best among the
unconstrained, post-process, and Cap- methods. Asterisk (*) shows which capacity constrained method, i.e., Post- or Cap-, is
better. Overall, the Cap-methods largely outperform the respective Post-methods. Interestingly, in some cases, Cap-methods
outperform the unconstrained methods, showing the value of our method to even improve the recommendation quality.

under these se�ings the weighted objectives approach surpasses
the post-process solution, and also is be�er than the unconstrained
methods. �is shows that these capacity se�ings can be realistic,
and are worth incorporating in the optimization objective of the rec-
ommendation algorithms, to further improve top-N performance.

5.5 Sensitivity Analysis
5.5.1 E�ect of Surrogate Loss for Capacity Term. Figure 7 com-

pares the e�ect of di�erent surrogate losses for the capacity ob-
jective on CapMF’s performance. For this experiment, we consider
rating prediction as the �rst objective, we set α to 0.2, and use the
‘actual’ propensity and capacity de�nitions. We observe that for
Movielens 100K and Movielens 1M (omi�ed), logistic and hinge
loss result in similar performance, while exponential loss results in
the highest RMSE and the smallest capacity loss. For Foursquare
and Gowalla (omi�ed), hinge loss obtains the smallest capacity loss
and RMSE, making it the best option for the POI datasets. �is
happens since the exponential loss assigns very high penalties for
large negative di�erences. Also, exponential and logistic losses
assign small penalties for small negative and also positive values,
while hinge does not penalize when expected usage is within the
capacity constraints.

5.5.2 E�ect of User Propensities. In Figure 8 we study the e�ect
of di�erent user propensities as input to our algorithm (i.e., ‘actual’,
‘median’ and ‘linear’) on CapMF’s performance in the Foursquare
dataset. For this experiment, we set α to 0.2, the surrogate loss to
the logistic loss, the capacities to ‘actual’ and the �rst objective to
rating prediction. We see that for ‘median’ and ‘linear’ choices of
propensity, the values of both RMSE and Capacity Loss are higher
compared to those obtained for the ‘actual’ propensity choice. �is
happens because the ‘median’ and ‘linear’ options generally result
in higher values of user propensities (Figure 1(c)). �is leads to
higher expected usage values, making it more likely to have the
capacity constraints violated.

5.5.3 E�ect of Item Capacities. Here we study the e�ect of dif-
ferent item capacities, namely ‘actual’, ‘linear mean’, ‘linear max’

and ‘binning’, as input to CapMF. �e se�ing is the same as the
one described in 5.5.2, except for the propensity de�nition which
is set to ‘actual’. Figure 9 compares CapMF’s performance for the
four choices of capacity for Gowalla – similar trends hold for the
other datasets. We can see that the choice of ‘binning’ results in
the highest RMSE and Capacity Loss, whereas the other choices
result in almost identical performance. We explain this result as
based on Figure 1(b) the ‘binning’ de�nition typically results in the
smallest items’ capacities, which means that it is more likely that
the recommendations will violate the capacity constraints. Also,
when se�ing all items’ capacities uniformly to e.g. the mean actual
capacity (not shown), the capacity constraints are directly satis�ed.

5.5.4 Implicit vs. Explicit Feedback. Finally, we report in Figure
10 the results of Cap-PMF in terms of the competing objectives for
the original explicit Movielens datasets. �is allows us to explore
how sensitive our framework is to implicit versus explicit data.
�us, we can compare Figure 10(a) with Figure 3(a) for Movielens
100K, and Figure 10(b) with Figure 3(b) for Movielens 1M. We can
see that although the particular values of the objectives are di�erent,
the trends are similar. Similar trends were also found for Cap-BPR.

6 CONCLUSIONS
We have presented a novel approach for providing recommenda-
tions that satisfy capacity constraints. We have demonstrated how
this generic approach can be applied to three state-of-the-art latent
factor models, PMF [32], GeoMF [24], and BPR [30], so that the
items’ expected usage respects the corresponding capacities. Our
experimentation has given light into how our methods perform
under di�erent se�ings of item capacities and user propensites. We
have shown that our framework e�ectively provides recommenda-
tions which respect the capacity constraints, without deteriorating
the recommendation performance by a lot; interestingly, in some
cases our methods can improve the top-N recommendation quality
compared to the respective unconstrained methods.
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Figure 7: Movielens 100K. E�ect of
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Figure 10: Cap-PMF on explicit feedback data. �e results
shown compared to Figures 3(a), (b) indicate that the trends
for implicit and explicit feedback data are similar.
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